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Abstract

Amongst the various technologies for in-space electric propulsion, Hall Effect Thrusters
(HETs) dominate the market due to their scalability, reliability and efficiency. Neverthe-
less, the design process of HETs lacks the fundamental support of predictive numerical
tools and relies on empirical scaling laws, making the development of new devices time-
consuming. In this Thesis, the application of fluid modelling to Hall Effect Thruster
discharges is advanced, demonstrating their potential and suitability in E × B plasmas
simulations.

In the first part of this Thesis, a set of time-dependent quasi-neutral and non-neutral
1D models of the HET discharge is presented. The models provide a fast tool capable
of capturing the main features of the HET plasma, enabling parametric analyses and pre-
liminary performance assessments. The quasi-neutral drift-diffusion model extends the
standard 1D description of Hall Effect Thrusters by expanding the computational domain
in the far plume and by including additional physical effects, such as azimuthal electron
inertia and characterisation of heavy species. Detailed analysis demonstrated their non-
negligible impact on the stationary and dynamic response of the discharge, highlighting
the high susceptibility of the breathing mode instability to the physical model and the sim-
ulation parameters. The extension to non-neutrality and full electron inertia confirmed the
suitability of the quasi-neutral drift-diffusion formulation to describe the normal operating
regime of HETs. However, in extreme conditions, a complete detachment of the plasma
discharge from the anode is observed with the formation of a reversed, electron-attracting
sheath, the modelling of which requires electron inertia. Even though a stable operation
in this regime is not found, the onset of strong breathing mode oscillations can trigger
periodic sheath transitions.

Although the 1D models proved to be an extremely versatile and powerful tool, they
lack the aforementioned predictivity by relying on an empirical closure of the anomalous
transport. The physics of this phenomenon is still poorly understood, and the formulation
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of a simple, predictive model has been hindered by the complexity of the problem and the
scarce interpretability of kinetic simulations, typically employed for its investigation.

In the second part of the Thesis, this problem is tackled with the fluid formalism, and
the development of a 2D fluid model of E ×B discharges is described. The model is first
applied to simplified E×B geometries. The capability of the model to resolve rotating in-
stabilities and their mode transitions is demonstrated by predicting the onset of dioctoron
modes and rotating spokes in Penning discharges. The code is then used to perform the
first full-fluid self-consistent simulation of the axial-azimuthal HET discharge. Here, it
showed the ability to correctly capture the axial structure of the discharge, which is self-
sustained without any empirical anomalous transport. The discharge develops instability-
induced cross-field transport, which dominates over the collisional processes in the near-
anode region. Differences and analogies with respect to similar kinetic simulations are
commented on.
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CHAPTER 1

Introduction

For almost a century, E ×B devices have been utilised in both industrial and space ap-
plications due to their ability to sustain plasma discharges at low pressures: the perpen-
dicular electric and magnetic fields confine the electrons, increasing the residence time
in the device and allowing for efficient impact ionisation of the neutral gas [1]–[3]. The
first observations of the effects of an applied magnetic field on plasma discharges date
back to the end of the 19th century with the experiments of Phillips on afterglow dis-
charges [4]. Phillips’ observation of the trapping of electrons in the E ×B motion was
further analysed by Strutt [5] and Wehrli [6], but the first application to exploit such an
effect appeared only in the 1930s with the work of Penning [7]. Penning demonstrated
that the E ×B device could be used as a pressure gauge, commercialised as the Penning
Ionisation Gauge (PIG), where the discharge current is proportional to the pressure of
the neutral gas. From this point on, Penning and reflex discharges have received a great
deal of attention due to their many variations and broad range of operation [8]. The in-
tensive investigation of such devices came along with the observation of a plethora of
instabilities [9], deemed responsible for non-linearities in the pressure-current curve, and
for the deterioration of the magnetic confinement of the electrons: the first theories on the
"anomalous" enhanced cross-field transport, much larger than the classic collisional pre-
dictions, were formulated [10]. The problem of the turbulent cross-field transport remains
poorly understood and characterised, affecting all the E ×B devices that followed from
the archetypal work of Penning.

Concurrently with the experiments on E ×B plasmas, the concept of in-space elec-
tric propulsion was formulated, long before the first man-made object had been sent to
space [11]. The justification for electric propulsion, which inspired visionaries such as
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Goddard and Oberth [12], lies in the fundamental rocket equation of Tsiolkovsky:

∆v = veln
m0

m f
. (1.1)

The equation relates the maximum change of velocity ∆v to the initial m0 and final m f

mass of the vehicle with the exhaust velocity ve: the larger the exhaust velocity, the
smaller the propellant mass needed to acquire the same ∆v. Already at the beginning of
the 20th century, it was clear that the ejection velocities attainable by accelerating charged
particles were significantly larger than those of classic chemical rockets. However, con-
trary to chemical rockets, electric thrusters require an external energy source in the form
of an electric power supply, whose mass usually increases with ve and remains constant
throughout the mission. As a result, there exists an optimal value of the exhaust velocity
for a specific requirement of ∆v. Nevertheless, despite this penalty, the 1950s and 1960s
were characterised by the development of many prototypes of electric thrusters, such as
arc-jets, ion-thrusters, and magnetoplasmadynamic thrusters [13], [14]. While the USA
focused on ion-thrusters, eventually leading to the first flight in 1964 on board the SERT-
1 spacecraft, the USSR, under the guidance of Morozov, led the development of another
type of device called closed drift thruster (or stationary plasma thruster, SPT), nowadays
commonly known as Hall Effect Thruster (HET) [15].

The basic working principle of HETs [16] relies on the confinement of electrons by
an externally imposed magnetic field, perpendicular to the device axis, along which a
moderate potential difference is applied. The magnetised electrons are thus trapped and
forced to drift along their E ×B motion, increasing the plasma resistivity and allowing
the sustainment of a strong axial electric field Ez. On the other hand, the non-magnetised
ions are not affected by the magnetic field and can be axially accelerated electrostatically.
The increased residence time of electrons in the thruster channel not only permits the
sustainment of strong electric fields, but also allows for efficient ion production via impact
ionisation of the neutral propellant, typically consisting of a noble gas. A schematic
representation of a Hall effect thruster is shown in figure 1.1.

Today, Hall Effect Thrusters dominate the in-space propulsion market, from small
satellites to mega-constellations. In the last decade, HETs have been successfully de-
signed in a large variety of powers, ranging from a hundred watts to tens of kilowatts,
while maintaining high efficiency and specific impulse [18]. The technological advance-
ments of HETs are the result of extensive experimental and numerical [19] research fo-
cused on the characterisation of magnetic topologies and erosion assessment. Neverthe-
less, despite the decades of research, the more fundamental physics of HETs remains
poorly understood, hindering the use of accurate predictive models to design and opti-
mise the thruster efficiently. In particular, just like the Penning discharges, magnetrons
and other E ×B devices, HETs are rich in instabilities [20] and their dynamics is strongly
dominated by the anomalous cross-field transport of electrons. Particle in cell (PIC) sim-
ulations have confirmed [21]–[23] the role of instabilities (observed and theorised in other
E ×B devices as well) in the enhancement of electron mobility. Particular emphasis has
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Figure 1.1: Schematic representation of a Hall Effect Thruster. Image reproduced
from [17].

been given to the so-called electron cyclotron drift instability (ECDI), although without
managing to obtain a simple (but predictive) description of it, partially due to the difficulty
in interpreting the microscopic nature of the kinetic approach. On the other hand, fluid
models deal directly with more tangible macroscopic quantities, at the expense of relying
on stronger assumptions than the kinetic formulation. In particular, fluid models are lim-
ited to quasi-Maxwellian velocity distribution functions (VDFs), they lack finite Larmor
radius effects, and they assume approximate closures of the set of equations. However,
the ability to resolve a wide range of instabilities [24], [25], the possibility for ad hoc
simplifications of the physical model and the higher computational speed (especially in
quasi-neutral models), make the fluid approach an essential tool to analyse these devices.

In this Thesis, the application of fluid modelling to Hall Effect Thruster discharges is
advanced, further demonstrating their potential and suitability in E ×B plasmas simula-
tions.

1.1. Thesis Objectives and Outline

This Thesis aims to extend the use of fluid modelling applied to Hall effect thrusters and
other E ×B devices to address both practical and theoretical aspects of the discharge.
The know-how acquired throughout the Thesis and the set of numerical tools that have
been developed will serve as a foundation for future studies of HETs and E ×B plasmas
in general, offering a different, more flexible formulation than kinetic approaches. Ul-
timately, the combined use of fluid and kinetic modelling aims to better characterise the
plasma processes governing the dynamics of E×B devices. The Thesis objectives and the
adopted methodology can be divided into two macro-categories. The first one, addressing
a more applied use of numerical modelling, consists of:

1. The development of a fast quasi-neutral 1D time-dependent drift-diffusion axial
model of the HET discharge to be used as a first approach to assess the macro-
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scopic behaviour of the discharge [26]. The time-dependency extends the stationary
models developed by Ahedo and Bello-Benitez [27], [28], enabling the capability
of capturing axial instabilities in the 103 − 105Hz range and non-stationary opera-
tion of the thruster in general. The low dimensionality and simpler physics allow
for large parametric studies to understand the influence of free parameters and the
level of modelled physics on the structure of the discharge and on the onset of axial
oscillations.

2. The extension of the 1D model to account for non-neutrality and full-electron iner-
tia [29], surpassing the limit of validity of the quasi-neutral drift-diffusion formu-
lation and enabling the analysis of extreme regimes of discharge detachment and
anode sheath reversal during axial oscillations.

These two objectives are covered in Chapters 2 and Chapter 3, respectively. The Chapters
reproduce entirely the contents of the peer-reviewed journal articles published in Journal
of Physics D: Applied Physics [26] and Plasma Sources Science and Technology [29].

The second part of the objectives, on the other hand, aims to answer more fundamental
questions on the plasma dynamics. In particular, the objectives focus on the development
of tools to characterise plasma instabilities and their contribution to anomalous transport
in E ×B discharges in general and in Hall Effect Thrusters as the ultimate goal. This
is inherently a multidimensional problem; hence, the second part of the objectives deals
with:

3. The development of a 2D three-fluid model of E×B discharges capable of resolving
plasma instabilities. The model aims to be robust and general enough to be applied
to a variety of problems for a wide spectrum study of partially magnetised plasmas
and their dynamics. The large spatio-temporal scale separation in these devices
poses strict conditions on the simulation parameters, hence the resulting numerical
code requires parallelisation and optimisation.

4. The application of the aforementioned code to simplified E ×B discharges to eval-
uate the capabilities of the fluid formulation of resolving plasma instabilities, their
onset and the non-linear saturated regime.

5. The application of the model to the study of a self-consistent 3-fluid axial-azimuthal
Hall Effect Thruster discharge. Given the novelty of the problem, the main objective
is to address whether the fluid formulation can capture anomalous transport and
whether the HET discharge is self-sustained.

A detailed description of the physical derivation and numerical schemes of the 2D model
is reported in Chapter 4, whereas the last two objectives are addressed in Chapter 5 and
Chapter 6, respectively. These last two Chapters reproduce the contents of the submitted
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article to the peer-reviewed journal Plasma Sources Science and Technology and of the
conference article presented at the 39th International Electric Propulsion Conference.

All together, the objectives provide a comprehensive application of fluid modelling to
E ×B discharges, with specific application to Hall Effect thrusters.

As a final note, except for Chapter 4, the Thesis represents a compendium of published
or submitted articles reproduced without modifications. For this reason, Chapters 2, 3, 5
and 6 are self-contained, including an abstract, an introduction, explaining the context
and importance of the corresponding objective, the conclusions and the appendices. The
author apologises for possible repetitions across the Chapters.
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CHAPTER 2

Time-dependent Axial Fluid Model of the Hall Thruster
Discharge and its Plume

This chapter reproduces the contents published by the author in the peer-reviewed
journal Journal of Physics D: Applied Physics [26]. The typography has been
adapted to the style of this thesis.

Abstract

One-dimensional axial models of a Hall thruster give a good qualitative pic-
ture of the main physical phenomena in the discharge with small computational
effort. Time-dependent models, in particular, are widely used for the analysis of low-
frequency axial oscillations (i.e. the breathing mode). The standard time-dependent
three-fluid model found in the literature is here enhanced by extending the physical
domain beyond the cathodic surface into the far plume and improving the modelling
of some physical phenomena. A suite of five models is presented in this work with
an increasing complexity of added physics; the most complete version accounts for
ion and neutral energy evolution equations along with the partial inclusion of elec-
tron inertia. The added physics has a non-negligible impact on both the dynamics
of the breathing mode and the time-averaged response of the plasma. In particular,
it is found that the onset of the instability is sensitive to both the level of modelled
physics and the operational parameters. In some cases, the strong breathing mode os-
cillations can result in a weak plasma attachment to the anode, leading to the collapse
of the normal anode sheath and to the subsequent failure of the model.
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2.1. Introduction

Nowadays, Hall-effect thrusters (HETs) are the most commonly used technology for solar
electric propulsion. In fact, HETs are currently being used on a large variety of missions,
from CubeSats to large geostationary satellites, being able to operate from a few hun-
dred watts to several kilowatts for the largest devices. The versatility of HETs, coupled
with the long flight heritage dating back to the 70’s, makes them a reliable and mature
technology for in-space propulsion. Despite the well-consolidated position of the HET
technology, there are still several open questions from the physical point of view, such as
plasma-wall interaction, plume physics, closure of fluid equations, or plasma oscillations.
Addressing those questions is vitally important to achieve predictive fast numerical codes,
which would push the design of HETs to the next level. The efforts of the HET commu-
nity in answering those questions, from a theoretical point of view, have been translated
into the development of kinetic, fluid and hybrid models [17], [19], [30] of different types
depending on the problem to be analysed. The model presented in this paper belongs
to the family of 1D axial fluid models. Such models give a good qualitative picture of
the discharge physics and the interplay of different phenomena, at a cheap computational
cost. They are, thus, well-suited for fast analysis on the effect of different parameters and
to evaluate the impact of modelling additional physics. On the other hand, these models
suffer from oversimplifying azimuthal physics, turbulent transport, plasma-wall interac-
tion and magnetic topology. A complete stationary axial model of a HET discharge, from
anode to cathode, was developed by Ahedo et al. [31] with later inclusion of the heat
conduction [27] and plasma-wall interaction effects [32]. Recently, Bello-Benítez and
Ahedo [33] extended that model by (a) introducing a volumetric cathode, which allows
expanding the computational domain into the far plume, and (b) characterising the elec-
tron inertia by retaining its contribution in the azimuthal momentum equation. Some of
the conclusions included the relevance of electron azimuthal inertia in smoothing gradi-
ents in the plume and close to the anode and cathode regions, and the apparent decoupling
of the solution inside the chamber from the far plume one. Stationary models [27], [31]–
[33] are also well suited to provide equilibrium solutions and to perform global linear sta-
bility analyses on longitudinal and azimuthal waves [34]–[36]. However, they are unable
to provide information on the saturated behaviour of oscillations arising in the plasma
discharge. In contrast, the intrinsic time-resolving capabilities of an axial transient model
allow for the study of the non-linear evolution of instabilities. With this regard, axial-time
dependent models have been extensively used to study the longitudinal, low-frequency
oscillations of the discharge current caused by ionisation instabilities [37]–[42], usually
called the breathing mode. An added complexity of the stationary formulation is to ensure
the regular crossing of several internal sonic points, requiring special care for numerical
convergence and internal regularising conditions. In order to reduce the number of sonic
points, energy equations for the heavy species have so far been neglected in these models,
thus assuming quasi-cold ions and neutrals. If the time derivative is retained in the fluid
equations, time-dependent models are obtained. Such models require a different integra-
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tion procedure where an initial solution is advanced in time by means of a time-marching
algorithm. The mathematical nature of the time-dependent problem is completely differ-
ent from the stationary one. Sonic points pose few and minor issues to the integration
procedure of the time-dependent solution (e.g. the so-called ‘sonic glitch’ in some flux
splitting finite volume schemes), allowing for a robust and more systematic inclusion of
thermal effects on heavy species and other added physics to the model. This paper extends
the recent stationary model of Bello-Benítez and Ahedo [33] in several aspects, propos-
ing five models with an increasing complexity in the physics. While ion and neutral fluid
equations are usually closed at the momentum equation, the most complete model in-
cludes energy equations for ions [41] and, for the first time, neutrals. Time derivatives
are taken into account in every case, which allows us to analyse how additional physics of
the present (ion and neutral energy equations) and previous [32], [33] (neutral momentum
equation and electron inertia) works impact the breathing mode. Finally, the electron az-
imuthal inertia is retained and the plume past the cathode is included in the domain, which
was done for the stationary case [33] but has never been done in previous time-dependent
axial models [37]–[43]. In this article, both fully-stationary and breathing-mode types of
solutions will be discussed, highlighting how both the physics considered and the model
parameters affect the triggering of the ionisation instability. The failure of the model due
to a lack of plasma attachment at the anode will be discussed too.

The paper is organised as follows. The complete model is presented in section 2.2,
including the computation of the discharge current accounting for a finite-thickness cath-
ode and electron azimuthal inertia. In section 2.3, the results are presented for steady
state operation of the model, focusing on the effects of the newly introduced physics and
the failure mechanism of the model. Finally, in section 2.4, the dynamic behaviour of
the model is analysed and a preliminary study on the onset of the ionisation instability is
presented. In this work, an SPT-100-type HET is considered as the reference thruster for
all the simulations.

2.2. Model Formulation and solution method

2.2.1. Fluid equations

The model considers electrons, singly-charged ions, and neutrals (indices e, i, n, respec-
tively) as three different fluids and a set of continuity, momentum, and energy equations
for each of them. The model describes an axisymmetric plasma discharge by averaging
the plasma properties along the radial direction. The divergence operator is thus expressed
as:

∇ · g =
1
Ac

d
dz

(Acgz)+g′w (2.1)

where g is an arbitrary flux vector, z the axial coordinate, Ac the discharge cross section,
and g′w accounts for differential fluxes to lateral walls. A schematic of the computational
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Vd

A B E
N

A(z)

Symmetry Axis

z=0

Figure 2.1: The figure represents the Hall thruster model used in this work. A represents
the location of the anode, B is the location of the sheath edge, which is used as boundary of
the quasi-neutral domain. The Debye sheath is a discontinuity surface in the quasinuetral
model, i.e. zB ≃ zA = 0. Point E indicates the channel exit and N the centre of the electron
emission layer (i.e. cathode or neutraliser).

domain and main features is shown in Fig. 2.1. Except for the anode sheath AB, the dis-
charge is assumed quasi-neutral both in the annular thruster channel BE and the divergent
plume E∞. The cathode emission and the plasma plume expansion make the problem
2D or 3D, so strong assumptions are needed to treat the external region as a 1D plasma
beam [33]. First, the localised electron-injection neutraliser is here represented as an
emission layer centred at N with a thickness ℓc, extending across the whole ion beam.
Second, the effective cross-section area of the plasma beam Ac(z) is assumed to contain
most of the expanding plasma beam. The plume can be distinguished between the current-
driving near-plume EN, and the current-free far-plume N∞. Using standard notation, the
full set of fluid equations, three for species, in their conservative form is expressed as:

∂ne

∂ t
+

1
Ac

∂

∂ z
(Acneuze) = Sp −Sw +Sc, (2.2)

∂ni

∂ t
+

1
Ac

∂

∂ z
(Acniuzi) = Sp −Sw, (2.3)

∂nn

∂ t
+

1
Ac

∂

∂ z
(Acnnuzn) =−Sp +Sw, (2.4)

0 = ene
∂φ

∂ z
− ∂ pe

∂ z
+mene(uyeωce −uzeνe), (2.5)

∂

∂ t
(neuye)+

1
Ac

∂

∂ z
(Acneuyeuze) =−ne(uzeωce +uyeνe), (2.6)

∂

∂ t
(niuzi)+

1
Ac

∂

∂ z

(︁
Acniu2

zi
)︁
=−eni

mi

∂φ

∂ z
− 1

mi

∂ pi

∂ z
−Swuzi +Spuzn, (2.7)
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∂

∂ t
(nnuzn)+

1
Ac

∂

∂ z

(︁
Acnnu2

zn
)︁
=− 1

mi

∂ pn

∂ z
−Spuzn +Swuznw, (2.8)

∂

∂ t

(︃
3
2

pe

)︃
+

1
Ac

∂

∂ z

(︃
Ac

5
2

peuze +Acqze

)︃
= uze

∂ pe

∂ z
−SpEinel −SwEew +ScEc

+

(︃
neνe +

1
2
(Sp −Sw +Sc)

)︃
meu2

e , (2.9)

∂

∂ t

(︃
3
2

pi

)︃
+

1
Ac

∂

∂ z

(︃
Ac

5
2

piuzi

)︃
= uzi

∂ pi

∂ z
+Sp

(︃
3
2

Tn +
mi

2
(uzi −uzn)

2
)︃
−Sw

3
2

Ti, (2.10)

∂

∂ t

(︃
3
2

pn

)︃
+

1
Ac

∂

∂ z

(︃
Ac

5
2

pnuzn

)︃
= uzn

∂ pn

∂ z
−Sp

3
2

Tn +Sw

(︂
Enw +

mi

2
(uzn −uznw)

2
)︂
.

(2.11)
The quasineutral condition, ne = ni, is added to these equations except in the anode sheath
AB; this is considered infinitely thin in the quasineutral scale (i.e. zB ≃ zA = 0) and is
solved analytically to provide jump conditions between A and B.

In the continuity equations (2.2)-(2.4), Sp = neνp, Sw = neνw, and Sc represent, respec-
tively, volumetric plasma production, plasma recombination at lateral dielectric walls, and
electron injection at the cathode. Expressions for the ionisation frequency νp and the wall
collision frequency νw are reported in appendix 2.A. The axial electric current in the
quasineutral domain is

Iz = eneAc(uzi −uze). (2.12)

The combination of the ion and electron equations yields its axial evolution as

∂ Iz/∂ z =−eAcSc. (2.13)

The integration of this equation across the cathode layer will give a current-free plume (i.e.
Iz = 0) downstream of the cathode and the discharge current (Iz = Id) in the thruster chan-
nel. Notice that in addition to Iz, there is the azimuthal electric current Iy(z)≃−eneAcuye,
responsible for the magnetic thrust.

In the momentum equations of the 3 species, the pressure tensors are reduced to
isotropic scalar pressures ps ≡ nsTs,(s = e, i,n); ions are treated as unmagnetised, and
charge-exchange collisions have been omitted. The electron momentum equations (2.5)
and (2.6) are dominated (except in the far plume) by the magnetic force, with ωce = eB/me

the gyrofrequency based on the effective radial magnetic field B. They also include a re-
sistive force based on the electron total collision frequency νe, which is made up of four
contributions:

νe = νei +νen +νwm +νt , (2.14)

where νei and νen correspond to collisions with ions and neutrals, νwm to wall collisional-
ity, and νt to turbulent transport. Then, in the axial momentum equation (2.5) the inertial
terms are negligible compared to the pressure gradient (i.e. the drift diffusion approxima-
tion uze ≪ ce =

√︁
Te/me applies), while in the azimuthal momentum equation (2.6), the
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2.2. Model Formulation and solution method

inertial terms must be kept [33], [36]. The empirical frequency for turbulent transport is
hereby modelled as νt = αtωce with αt a constant; since a study on the effects of νt on the
discharge is out of the scope of this work, αt = 0.01 is kept fixed in all the simulations
and will not be discussed any further.

The three equations (2.9)-(2.11) for the thermal energies include contributions from
the same sources as the three continuity equations. Besides, the electron energy equation
includes the (conductive) axial heat flux,

qze =− 5pe

2me

νe

ν2
e +ω2

ce

∂Te

∂ z
, (2.15)

which is known to be important [27] to avoid unphysical heating of electrons and to
guarantee a smooth transition between the ionisation and the ion reversed-flow regions.
The introduction of the heat flux gives a parabolic character to that equation.

The magnetic field used in this axial model is radial and must be understood as a radial
average value. It is modelled as [33]

B(z) = 1r Bm exp
[︂
−(z− zm)

2 /ℓ2
m

]︂
, (2.16)

where Bm is its maximum value, zm is the location of the maximum, and ℓm the charac-
teristic length of magnetic decay. In general different values of ℓm are used in the interior
(ℓm1) and exterior (ℓm2) regions. In this work, the plume cross-section is modelled as a
hyperbolic expansion:

Ac(z) = 2πRd(z), d(z) =
√︂

d2
c0 +4(z− zE)

2 tan2 θ , for z > zE (2.17)

where R is the chamber mid-radius, d(z) the plume width, with dc0 the chamber width
and θ the plume divergence half-angle. Appendix 2.A compiles the expressions for the
source terms and the collision frequencies. Most of them have been used in previous
works. The addition of the neutral energy equation (2.11) has required the definition of
a neutral energy per recombination event Enw (reported in the appendix). Given the low
dimensionality of the model, a proper description of ion-wall recombination processes
cannot be formulated. Instead, a phenomenological model is used, based on the ion energy
accommodation parameter α ′

w.

2.2.2. Boundary Conditions and discharge current

The boundary conditions must be consistent with the hyperbolic nature of the quasineutral
system, exception made for the electron energy equation, which is parabolic due to the
diffusion term. For what concerns the heavy species, the outflow at the far plume is
supersonic, so that all the characteristic lines are exiting the domain; as a result, outflow
boundary conditions are used. At the anode, a sonic condition is considered for ions
while neutrals are injected supersonically, allowing for the imposition of three boundary
conditions. At the far plume, the only imposed condition is the electron temperature,

11



2.2. Model Formulation and solution method

Te∞, as suggested by [33]. Moving to the anode, conditions are imposed at the anode
sheath edge B. The boundary conditions at B are: the Bohm condition on the ion velocity
(uziB =−

√︁
TeB/mi); the electron heat flux [27]

qzeB = nBuzeBTeB

(︃
eφAB

TeB
− 1

2

)︃
; (2.18)

and for neutrals, values of its mass flow rate (accounting for ion recombination at the
anode A), temperature, and (supersonic) axial velocity, which are the same as at A.

The present model only supports normal, electron-repelling sheaths with a positive
sheath potential drop, φAB = φB −φA > 0, satisfying [31]

φAB =
TeB

e
ln

ceB

4|uzeB|
, (2.19)

with ceB =
√︁

8Te/πme the electron mean thermal velocity. Notice that at the low oscil-
lation frequencies considered here, the sheath behaves as quasi-stationary. Both φAB and
qzeB are updated at each time step according to the above equations.

The model formulation considers the discharge current, Id , as an input parameter,
and the discharge potential, Vd ≡ φA −φN , as an output. Nonetheless, both the practical
operation of a Hall thruster (where dId/dVd is very small) and the convergence of the
numerical model prefer to take Vd as input and Id as output. In a stationary model, Id

is simply an unknown to solve for in the system of equations [33]. In a time-dependent
model, a relation Id(Vd) must be added to the set of differential equations. The common
way to do it is by integrating equation (2.5) from N to A [37], [38], [40]. First, that
equation is rewritten as

∂φ

∂ z
=

1
ene

∂ pe

∂ z
−u′yeB+

uzi

µ⊥e
− Id

Acneeµ⊥e
ιz, (2.20)

with ιz = Iz/Id the normalized axial electric current, χ = eB/νeme the Hall parame-
ter, µ⊥e = (1+ χ2)−1(e/meνe) the perpendicular electron mobility, and, calling uye =

−uzeχ +u′ye, u′ye is the contribution of azimuthal electron inertia to uye. Integrating equa-
tion (2.20) between A and N yields

Id(Vd) =

Vd +φAB +
∫︂ zN

0

(︃
1

ene

∂ pe

∂ z
−u′yeB+

uzi

µ⊥e

)︃
dz∫︂ zN

0

ιz dz
Aceneµ⊥e

. (2.21)

Models neglecting azimuthal inertia have u′ye = 0 and those ending the discharge at N with
a surface cathode, have ιz = 1 [37], [40]. Equation (2.21) is added to the set of differential
equations in the numerical integration scheme.

2.2.3. Numerical Integration Scheme

The spatial discretisation is performed using a finite volume scheme with second-order
Kurganov-Tadmor [44] fluxes for the convective terms. The diffusion term in the electron
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2.3. Fully steady-state solutions

energy equation is discretised with central differencing. The hyperbolic equations are ad-
vanced in time using an explicit second-order Runge–Kutta scheme where each species
is treated as a coupled system. The electron energy equation is integrated with a semi-
implicit Crank–Nicolson scheme, where all the nonlinear terms are treated explicitly. To
avoid oscillations at the ion stagnation point, the electron pressure coupled method intro-
duced by Hara [43] has been used. The stationary solution from the model of [33] is used
as the initial condition. In each time step the following integration procedure is used:

1. The neutral fluid is advanced.

2. The ion fluid is advanced considering the newly calculated neutral state.

3. All collision frequencies are updated with the new densities.

4. The electron energy equation is advanced.

5. The new discharge current is computed.

6. The electron axial velocity is updated.

7. The electron azimuthal velocity is advanced.

The integration scheme is solved with a newly developed parallel MPI code written in
Fortran 90. The CFL condition for the electron azimuthal momentum equation constrains
the time-step to relatively small values. A typical simulation with 2000 cells, 2 ms of
physical integration time, and a timestep 1×10−9 s takes roughly 5 minutes on an AMD
Ryzen 5 2600X with 5 cores. This computational time still has room for improvement
since the code has not been aggressively optimised.

2.3. Fully steady-state solutions

The model introduced in section 2.2 includes a number of effects that can have a strong
impact on the solution. In order to evaluate the effects of the new equations, five model
configurations have been defined with increasing physics complexity:

• Model 1: Heavy species temperatures are constant and uniform, electrons are iner-
tialess, and neutrals have constant velocity.

• Model 2: Neutral momentum equation is introduced.

• Model 3: Azimuthal electron inertia is introduced.

• Model 4: Neutral energy equation is introduced.

• Model 5: Ion energy equation is introduced.
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2.3. Fully steady-state solutions

Table 2.1: Relevant simulation parameters for the nominal case. These parameters have
been used in all the simulations unless specified otherwise.

Parameter Value Parameter Value
ṁ 4.75 mgs−1 Vd 300 V
Tn 0.06 eV Te∞ 1 eV
uzn 300 ms−1 Ec 5 eV
Ti 0 eV z∞ 8.35 cm
Bm 266 G zm 2.5 cm
ℓm1 1.30 cm ℓm2 1 cm
zE 2.5 cm zN 3.35 cm
Ac 40 cm2 R 4.25 cm
dc0 1.5 cm ℓc 0.5 cm
αt 0.01 ν̃w 0.17
α ′ 0 % θ 16 deg

In particular, Model 1 represents the commonly adopted model where heavy species pres-
sure effects and neutral dynamics are neglected. The number of differential equations to
solve goes from 6 in Model 1 to 10 in Model 5.

The use of a time-dependent model, apart from the possibility of resolving the dy-
namics of the discharge, is advantageous from the numerical solution point of view when
additional physics is considered. For instance, stationary models have to deal with the im-
position of regularising conditions at the sonic points, of which the position is unknown a
priori. Introducing a finite neutral temperature would bring the number of sonic points in
the system from 2 to 3 [33], while the introduction of ion temperature and heavy species
energy equations would simply modify the existing points. Time dependency removes
the issue of the sonic points, being the system of conservation laws hyperbolic (exception
made for the electron energy equation), thus allowing for a straightforward time integra-
tion.

2.3.1. Comparison with the Stationary Model

First, the time-dependent model has been verified against the stationary model of [33] for
a set of parameters yielding a fully-stationary solution. This last one includes electron
azimuthal inertia and neutral momentum; the latter one has been considered with perfect
accommodation for the wall-born neutrals, resulting in a constant neutral velocity in the
whole domain. Concerning the time-dependent model, the azimuthal inertia has been
included but not the neutral momentum, because, due to the different definition of the wall
accommodation, it would not be possible to obtain a constant velocity solution. Finally,
the coefficient ν̃w for the wall-loss frequency has been kept constant, to be consistent with
Bello-Benítez and Ahedo.

14



2.3. Fully steady-state solutions

0

1

2
n

e
[m

!
3
]

#1018 (a)

-20

0

20

u
z
e
[k
m
/
s]

(b)

-2

-1

0

1

u
y
e
[k
m
/
s]

#103 (c)

0

10

20

u
z
i
[k
m
/
s]

(d)

0

20

40

T
e
[e
V
]

(e)

-300

-200

-100

0

?
[V
]

(f)

0 2 4 6 8

z [cm]

0

1

2

n
n
[m

!
3
]

#1019 (g)

0 2 4 6 8

z [cm]

-1

0

1

2

E
[V
/
m
]

#104 (h)

Stationary Model Time-Dependent Model

Figure 2.2: Comparison of the steady-state solution of the time-dependent model at 2 ms
with the stationary model of Bello-Benítez and Ahedo [33]. Starting from the left, the
two vertical dashed lines represent the points E and N respectively.

15



2.3. Fully steady-state solutions

The main simulation parameters are reported in Tab. 2.1 and are kept constant for
all simulations, if not explicitly specified. It must be noted that even though the neutral
injection temperature Tn in Tab. 2.1 is larger than zero, whereas in [33] heavy species are
cold, this has no effect in this case, having neglected the neutral momentum equation. The
steady-state solutions from the time-dependent model at 2 ms and the stationary model are
compared in Fig. 2.2. For the comparison, the neutral velocity and the wall-recombination
parameter have been considered constant and equal to uzn =300 ms−1 and ν̃w = 0.17. As
it can be seen, there is an excellent agreement between the two solutions. Thanks to the
second-order scheme of the present model, the numerical diffusion is minimal, which
otherwise would result in a smoothing of the plasma density peak [in subplot (a)]. After
the cathode, where the plasma starts to become demagnetised, the supersonic expansion
of the plume results in the acceleration of the ions. The conservation of ion flux requires
a decay of the plasma density, as it can be seen in Fig. 2.2(a).

2.3.2. Effects of modelling additional Physics

The effects of including additional physics in the time-dependent model are evaluated
here. The analysis is performed by keeping all the parameters in Tab. 2.1 fixed while
varying the configurations from Model 1 to Model 5. With the five models, fully stationary
solutions are reached, and they are depicted in Fig. 2.3; in particular, the solutions for
Model 1 to Model 3 coincide with those of [33]. The main changes introduced by each
new model with respect to Model 1 are highlighted next.

Model 2. The introduction of the neutral momentum equation strongly affects the
neutral and plasma density profiles. The neutral velocity, reported in Fig. 2.3(h), presents
an important increase followed by a local minimum after the channel exit, from where
it starts increasing again downstream. The non-monotonic behaviour can be explained
by looking at equation (2.8), where uznw is zero due to the perfect accommodation as-
sumption (α ′

w = 0%) and the pressure gradient is the sole term accelerating the neutrals.
In the proximity of the channel exit, where neutrals are mostly depleted, the wall source
term is responsible for the aforementioned minimum in their velocity, even in the case
of perfect accommodation, as it can be derived from the neutral velocity equation [33].
The strong increase of the neutral velocity in the channel leads to a steeper decrease of
the neutral density due to continuity, which results in a sensibly altered plasma density
profile, featuring a smaller peak and a shift towards the anode. To satisfy ion continuity
with a smaller density, a larger ion velocity can be observed in Fig. 2.3(d).

Model 3. The effects of including azimuthal inertia are appreciated mainly in the
profiles of uye and Te downstream the cathode, figures 2.3(c) and (e). The lower |uye|
in the case with inertia is responsible for a lower collisional heating and thus a lower
electron temperature. In accordance with [33], the azimuthal velocity decays differently
in the demagnetised far plume, where the inertial force, instead of the magnetic one,
counteracts the collisional force. In case of low electron mobility at the anode (either

16



2.3. Fully steady-state solutions

0

1

2

3

n
e
[m

!
3
]

#1018 (a)

-20

0

20

u
z
e
[k
m
/
s]

(b)

-2

-1

0

1

u
y
e
[k
m
/
s]

#103 (c)

0

10

20

u
z
i
[k
m
/
s]

(d)

0

20

40

T
e
[e
V
]

(e)

-300

-200

-100

0

?
[V
]

(f)

0

1

2

n
n
[m

!
3
]

#1019 (g)

0.3

0.4

0.5

u
z
n
[k
m
/
s]

(h)

0 2 4 6 8

z [cm]

0.02

0.04

0.06

T
n
[e
V
]

(i)

0 2 4 6 8

z [cm]

0

10

20

T
i
[e
V
]

(j)

Model 1

Model 2

Model 3

Model 4

Model 5

5

Figure 2.3: Steady state for different configurations of the time-dependent model. Perfect
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for a large magnetic field or small anomalous transport), it will be shown later that the
azimuthal inertia bounds uye in that region[33] [this is not observed in Fig. 2.3, being the
electron mobility at the anode large enough.]

Model 4. The introduction of the neutral energy equation has little effect on the steady
state solution, exception made for Tn. By observing equation (2.11) a cooling of the
neutrals is to be expected since Ew,uznw = 0 and the contribution of Swmiu2

zn/2 is about
one order of magnitude smaller than the ionisation loss.

Model 5. Similarly to Model 4, the introduction of the ion energy equation affects little
the stationary solution. The large increase of the ion temperature, observed in Fig. 2.3(j),
is due to the spatially extended production of slow ions along the discharge, and is materi-
alised in the term Spmi(uzi −uzn)

2/2. From a kinetic point of view, the high Ti represents
the broadening of the velocity distribution function resulting from the inclusion of slow
ions.

To summarise the comparison among models, the biggest effects on the stationary
solution are introduced by the neutral momentum equation and the electron azimuthal in-
ertia. For what concerns the introduction of energy equations for the two heavy species,
the effects are limited to ion and neutral properties, without sensibly influencing the over-
all plasma discharge.

In terms of performances, such as the discharge current Id and the thrust F , defined as

F = ∑
s=i,n,e

[︁
(msu2

zs +Ts)nsA
]︁

∞
, (2.22)

the variations among the models are small, the maximum being 5.6% and 4.6% for the
discharge current and the thrust, respectively, and will not be discussed further.

2.3.3. Effects of Neutral Interaction with lateral walls

The interaction of heavy particles with walls is a very complex phenomenon, seldom
studied in the frame of Hall thrusters. A detailed modelling of such interactions is out of
the scope of this work, but a limited study based on a single parameter yields interesting
results. Figure 2.4 shows fully stationary solutions for the case of Tab. 2.1, except for
ℓm,1 =1.42 cm, and different values of the wall accommodation factor. (The influence of
ℓm,1 on the onset of oscillating solutions will be discussed in the next section.) Evident
in Fig. 2.4 are the effects of the increased neutral energy input on the neutral magnitudes
(plots (g)-(i)) and Ti (plot (j)). Regarding this last one, there is no direct influence of α ′

w

in equation (2.10), but its effects are accounted for in the energy sources due to ionisation
of slow neutrals; in particular, the term (uzn − uzi)

2 is responsible for mitigating Ti in
the plume, due to a smaller velocity difference between the two heavy species for larger
α ′

w. While these effects are predominant in the near plume and around the cathode, it is
possible to appreciate small variations of ne and Te (plots (a) and (e)) inside the channel
too, in particular a higher mean plasma density is observed for higher energy inputs to
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neutrals (i.e. for larger α ′
w), which is again associated to a lower uzi (plot (d)) inside the

channel as shown in the zoom-in.

The effects of the wall-born neutral velocity, uznw = uzi
√︁

α ′
w, are expected to have a

smaller impact on the discharge, especially before the ion acceleration region, because of
the relatively small uzi. Nevertheless, it has been seen that the dynamic behaviour of the
discharge is influenced not only by the energy input but also by uznw.

A noteworthy observation is the behaviour of nn (plot (g)) at the anode, which presents
a steep increase resembling a shock, more evident at larger α ′

w. A preliminary analysis
of this phenomenon suggests that the supersonic neutral flow becomes quickly thermally-
choked due to the wall energy input, which can be large compared to the average energy of
the neutral fluid, resembling the behaviour of a Rayleigh flow model [45]. This behaviour
represents a limitation of the 1-D fluid formulation, which considers a single and simple
population per heavy species.

2.3.4. Attachment of the discharge to the anode

Since only neutrals are injected in the chamber, an ion backstreaming region must exist
for the plasma discharge to be quasineutral at the back of the thruster channel, i.e. for the
discharge to be ‘attached’ to the anode. At the same time, since an ion backwards current
means a penalty in performance, it is also paramount to limit that current. In practice,
this is done by adjusting the magnetic field strength in the near-anode region [16], [46].
In the present study, the anode magnetic field is controlled, BA ≡ B(zA), by acting on the
gradient length ℓm1, Eq. (2.16). As ℓm1 increases, BA increases, and the ion current at the
anode |IiA| [with |IiA| = |IiB| ≪ Id] decreases [31], as illustrated in Tab. 2.2. This in turn
reduces the sheath potential φAB, and eventually the normal (electron-repelling) sheath
vanishes and a reverse (electron-attracting) sheath forms.

That transition was well characterised by Ahedo et al. [47], [48]. Beyond |IiA|, the
magnitudes of interest near the anode are the plasma densities and velocities:

uziB = csB ≡
√︁

TeB/mi,

neB = |IiA|/(eAccsB),

|uzeB| ≃ Id/(eAcneB)≡ csBId/|IiA|,
uyeB ≈ χB|uzeB|= χBcsBId/|IiA|.

(2.23)

For |IiA|/Id ≫ O(χB
√︁

me/mi), the standard situation of Model 1 applies. For |IiA|/Id =

O(χB
√︁

me/mi), it is uyeB = O(c̄eB) and azimuthal inertia is already important near the
anode. When |IiA|/Id further decreases and becomes O(

√︁
me/mi) it is |uzeB| = O(c̄eB):

axial electron inertia becomes relevant too and the normal sheath collapses (i.e. |uzeB| =
c̄eB/4 and φAB = 0) when |IiA|/Id =

√︁
2πme/mi [≃ 0.5% for xenon]. The present model,

which neglects axial electron inertia, cannot analyse solutions with reverse anode sheaths,
where the very small ion back current is no longer sonic at the sheath edge [48].
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2.4. Breathing Mode Solutions

The last column of Tab. 2.2 measures the relevance of the azimuthal inertia at the
anode. For a fully stationary solution and assuming νe ≫ (Sp − Sw + Sc)/ne, Eq. (2.6)
yields

uye

χ|uze|
≃ 1+

1
ωce

∂uye

∂ z
, (2.24)

the last term being the azimuthal inertia effect. This is non negligible when either ωce

becomes small (i.e. in the far plume always, or near the anode if BA is small enough) or
∂uye/∂ z becomes large (i.e. around the cathode always, or near the anode if BA is large
enough). Table 2.2 illustrates the two situations at the anode. Indeed, while inertia bounds
uyeB for large BA, it enhances it for small BA, thanks to the change of sign of ∂uye/∂ z.
This phenomenon is evident in Fig. 2.5 where uye in the near anode region is reported for
different BA, corresponding to the cases of Tab. 2.2. For the convergence of the model,
the inclusion of the azimuthal inertia is important in limiting uyeB at large BA where the
vanishing sheath condition is eventually reached.

The limit of validity of the model, which results in the failure of the numerical code,
is represented in Fig. 2.6. Plot (a) shows a well behaved simulation where the model is
far enough from the sheath vanishing condition 4|uzeB|/c̄eB = 1; it must be noted that
plot (a) shows only part of the initial transient of the simulation, which would eventually
converge to the values reported in the last row of Tab. 2.2. However, if the magnetic field
is increased, the simulation soon reaches the sheath vanishing condition, as shown in plot
(b). As soon as the sheath vanishes, the solution becomes nonphysical, leading to the
failure of the numerical code after a few timesteps. (In general, all the results beyond the
sheath collapse should not be considered and are hereby retained for the sake of showing
how the numerical code fails.) To solve correctly the vanishing of the normal sheath and
the transition to an inverse sheath, full electron inertia (i.e. on the axial and azimuthal
directions) must be accounted for, which imposes a stronger constraint on the timestep.
This regime is not treated in this work.

In a dynamic scenario, sheath vanishing can occur when strong oscillations are present,
yielding small minima of |IiA|/Id . This can be the consequence of either the onset of a
strong ionisation instability or the discharge transient if the initial condition is too far
from the new set of simulation parameters. This last situation is avoided by using the
model of Bello-Benítez and Ahedo to generate new initial profiles for this model when
the simulation parameters are changed appreciably.

2.4. Breathing Mode Solutions

In the previous section, all solutions were fully-stationary, or there was a failure of the
simulation due to the sheath collapsing. Here, solutions in which the ionisation instability
develops are analysed, leading to ’breathing mode’ solutions, where at long times (in the
order of 10−3s), and for Vd constant, Id oscillates with a constant oscillation amplitude
±∆Id and frequency fd . Naturally, other plasma magnitudes oscillate too.
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Figure 2.5: Model 5. Azimuthal electron velocity in the near anode region for the cases
of Tab. 2.2.

Table 2.2: Model 5. Relevant plasma parameters at the anode for different values of the
magnetic field at the anode.

ℓm1 BA |IiA| |IiA|/Id neB
4|uzeB|

c̄eB

uyeB
χB|uzeB|

[cm] [G] [A] [%] [1017m−3] [-] [-]
1.15 2.4 0.77 14.5 7.61 0.040 1.15
1.20 3.5 0.70 13.2 6.95 0.044 1.13
1.25 4.9 0.63 11.9 6.27 0.048 1.11
1.30 6.6 0.55 10.6 5.57 0.053 1.08
1.35 8.7 0.48 9.2 4.86 0.060 1.03
1.40 11.0 0.41 7.9 4.12 0.069 0.95
1.45 13.7 0.34 6.6 3.39 0.082 0.86
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Figure 2.6: Anode sheath collapse in Model 5. Plot (a) represents a well-behaved simula-
tion in nominal conditions, where a negative sheath is present, being 4|uzeB|/c̄eB < 1. Plot
(b) represents a condition in which the sheath transition occurs, followed by the failure of
the simulation, with Me rapidly increasing over unity and the ion current fraction reaching
0.5%. The horizontal dashed line indicates the no sheath condition.
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The development of the breathing mode is found to depend on both the physical model
used and the values of several parameters. The analysis that follows is by no means
exhaustive, but it clearly shows the difficulties in predicting the onset of the ionisation
instability and its large sensitivity to the modelled physics and operating parameters.

2.4.1. Cases with total wall accommodation

As for most similar models in the literature, a breathing mode solution is particularly easy
to recover in Model 1, where uzn = const. To illustrate this, simulations with Model 1 are
shown for the parameters of Table 2.1, except for ℓm1, which is varied. Figure 2.7 (top)
states that the discharge is stationary for ℓm1 ≤ 1.376 cm; it develops a breathing mode
for 1.378 cm ≤ ℓm1 ≤ 1.388 cm; and there is a sheath collapse for larger values of ℓm1,
corresponding to BA ≥ 10.53G.

Figure 2.7 (bottom) shows the oscillation range of both Id and |IiA| in the transition
from the ’stationary’ to the ’breathing mode’ regime. Once the breathing mode is trig-
gered, the amplitudes of the oscillations grow with larger anode magnetic strength, even-
tually leading to model failure for ℓm,1 ≥ 1.388. As an example, for ℓm,1 = 1.383, the
mean value of Id is 5.4 A, the oscillation amplitude and frequency are ±0.23 A and 15.8
kHz, and the lower bound of |IiA|/Īd is 0.0415.

When more physics is accounted for, it has been observed [40], [41] that the ionisation
instability is more easily damped. This is also observed with our models: going from
Model 1 to 5, with α ′

w = 0, Fig. 2.8 shows the time evolution of Id for different models
at ℓm1 = 1.383 cm, all of them launched with the same initial conditions. While Model 1
shows the commented breathing mode solution, initial oscillations of Id are damped within
1 ms for Models 3 to 5, leading to a fully stationary solution. Model 2 is a particular
case since initial oscillations decay very slowly. In fact, it takes about 80 ms for the
current oscillations to damp completely for Model 2 and ℓm1 = 1.383 cm. For Model 2,
the transition to a breathing mode solution takes place at ℓm1 ≃ 1.39 cm, and it is more
drastic, as shown in Fig. 2.9. This is consistent with [41], which reported that when the
neutral momentum is accounted for, the triggering of the ionisation instability requires a
lower electron mobility.

2.4.2. Model 5 with partial wall accommodation

The previous subsection has discussed cases with perfect wall accommodation, i.e. α ′
w =

0. The parametric investigation of the onset of the breathing mode is here extended to
α ′

w > 0 but focused on Model 5, which is the most affected by wall accommodation.

Figure 2.10(top) shows the regions in the parametric plane (ℓm1,α
′
w), corresponding

to the three types of solutions (stationary one, breathing mode, and sheath collapse). The
solutions are considered stationary when the residual oscillations of Id are smaller than
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Figure 2.7: Model 1. (top) Classification of the discharge solutions for different ℓm1 and
the parameters of Tab. 2.1. (bottom) Lower and upper bounds of Id and −IiA oscillations
within the breathing mode interval.
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Figure 2.9: Lower and upper bounds of Id and −IiA oscillations at 80 ms for values of ℓm,1

within the stationary-breathing mode transition interval of Model 2.

2% after 4 ms of simulation time. The grey region at the bottom-right corner of the figure
corresponds to stationary solutions requiring a smaller timestep for numerical conver-
gence. For instance, the case (ℓm,1 = 1.48 cm, α ′

w = 0) requires a timestep of 5×10−11 s,
ten times smaller than the one used in the rest of the simulations. This parametric plot
shows that for ℓm1 within the range considered, as α ′

w increases, there is a transition from
a stationary solution to a breathing mode case and finally to sheath collapse. The higher
ℓm1 is, the larger is the range of α ′

w yielding stationary solutions.

Figure 2.10(bottom) quantifies for ℓm1 = 1.40 cm, the oscillations of Id and −IiA as
α ′

w increases. The breathing mode appears for α ′
w ≈ 3.5% and the normal-sheath model

fails for α ′
w > 8.5%. The amplitude of the oscillations increases with α ′

w increasing. Very
relevant for the failure of the simulations is the lower boundary of −IiA, reaching 48 mA
for α ′

w = 8.5%; as a reference, −IiA =410 mA for α ′
w = 0%.

A natural point arising from the results presented so far is the comparison between
the breathing mode developing in Model 1, with total wall-accommodation, and the one
in Model 5, with partial wall-accommodation. Figure 2.11 provides a partial response
by considering two cases: Model 1 with (ℓm,1 = 1.383 cm, α ′

w = 0), and Model 5 with
(ℓm,1 = 1.383 cm, α ′

w = 3.9%). The resulting oscillation frequency and amplitude of Id

are 15.8 kHz and ±0.23 A for Model 1 and 20.7 kHz and ±0.49 A for Model 5; thus there
is a non-negligible difference in the frequency. The behaviour of the two breathing modes
has been assessed in the figure by comparing the phase and amplitude of the oscillations
of Ii∞, ñe, ñn, and T̃ e with those of Id; Ii∞ is the ion current at the downstream boundary,
and the other three magnitudes are average values over the whole domain of the corre-
sponding magnitudes. The phase correlation with Id of a variable X with oscillation ±∆X
is computed as

R =

(︃∫︂ T

0
∆X∆Iddt

)︃(︃∫︂ T

0
(∆X)2dt

∫︂ T

0
(∆Id)

2dt
)︃−1/2

(2.25)

and the time interval T is adjusted to several cycles of the breathing mode.

Figure 2.11 suggests that the two breathing modes have the same nature. Phase corre-
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Figure 2.10: (Top) Domain of existence of different solution types for Model 5 for dif-
ferent α ′

w and ℓm,1 (i.e. BA). Points in grey require a smaller timestep for numerical
convergence (Bottom). Lower and upper bounds of Id (a) and −IiA (b) for ℓm1 =1.40 cm
and different values of α ′

w. For α ′
w > 8.5% the sheath collapse condition is reached.

lations and relative amplitudes are very similar with some differences only on the phase
correlation of T̃ e and the relative amplitudes of Ii∞ and IiA. The two breathing modes
present a quasi perfect phase correlation of Ii∞ and ñe with Id , a phase difference with Id

of 90◦ for IiA, and 90 ± 20◦ for T̃ e, and a phase difference of ≈ 65◦ between ñe and ñn.
Regarding the relative amplitudes of the oscillations of the different variables it is note-
worthy: the near perfect match between ñe and Id (i.e. ∆ñe/n̄e ≈ ∆Id/Īd , with overbars
indicating mean-values); the limited oscillations of nn and Te; and the 4-times amplified
oscillations of IiA. Since |IiA| ≪ Id , the electron current |IeA| oscillates approximately as
Id . These results for the breathing mode are well aligned with existing semianalytical
theories [38], [49].
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Figure 2.11: Comparison between the ionisation instability of Model 1 and Model 5 at
α ′

w = 3.9%. Subplot (a) shows the cross correlation of relative quantities, averaged in the
whole domain, with respect to Id . Subplot (b) shows the relative amplitude of the same
quantities with respect to Id . A factor of 1/4 has been included to plot the oscillation
amplitude of IiA.

2.5. Conclusions

A set of 1D time-dependent quasi-neutral models for HET discharges, with different treat-
ments of several physical phenomena, has been presented. From Model 1 to 5, the neutral
momentum equation, azimuthal electron inertia, neutral energy equation, and ion energy
equations have been added. The plasma domain extends from the anode to the far down-
stream plume and includes a thick cathode neutraliser external to the thruster channel.
These time-dependent models are generalisations of the 1D stationary model of Bello-
Benítez and Ahedo, which already includes azimuthal electron inertia but considers only
cold ions and neutrals.

The model, being 1D axially, includes the interaction of the plasma species with the
lateral dielectric walls of the annular channel through empirical models for ion recom-
bination and accommodation, and secondary-electron emission. On the other hand, the
plasma attachment to the metallic anode (and gas injector) is assumed to generate a nor-
mal (i.e. electron-repelling) Debye sheath.

The numerical techniques used for the numerical integration in the stationary and
time-dependent models are totally different. The experience has shown that numerical
convergence is much better achieved by taking Vd as known and Id as the output parameter,
than vice versa. In the time-dependent model, this requires adding an integral relation for
Id(Vd). The novelty here has been in including electron inertia and cathode effects in
equation (2.21).

Simulations have been run for the five time-dependent models and certain ranges of
main parameters. Three types of results have been found: fully-stationary solutions,
breathing-mode-type solutions, and failure of the simulation due to the collapse of the
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anode normal sheath.

Fully-stationary solutions have been benchmarked satisfactorily against those of Bello-
Benítez and Ahedo [33], but they have also shown that the variations of Ti and Tn emanat-
ing from the respective energy equations affect the plasma response.

For the breathing mode, clear trends are found in the evolution of the oscillation of Id ,
and other plasma currents, with the parameter triggering the breathing mode (for instance,
the wall accommodation factor). While the oscillations of Id are relevant for the anode-to-
cathode power source, those of the ion current backstreaming to the anode, IiA, are crucial
for the plasma attachment. The failure of the time-dependent models presented here is
due to very low values of −IiA and the collapse of the normal anode sheath. The solution
to this numerical issue is to include full electron inertia and inverse anode sheaths within
the model.

Apart from this, it is necessary to better fit wall-related source terms of this 1D axial
model with the solutions obtained from 2D(z,r) models. Beyond gaining in accuracy, this
is suspected to affect also the parametric regions for the breathing mode. Nonetheless,
a systematic analysis of the breathing mode was out of the scope of this work. Here,
an attempt was made to show that the breathing mode depends as much on the physics
involved in the model as on the partially empirical parameters representing some effects
(wall accommodation, neutral velocity,...). In our opinion, this reinforces a suggestion
already implicit in the abundant literature on the subject: it seems extremely challenging
to derive laws determining the parametric threshold of the breathing mode even in the
simplified 1D configuration considered here.
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Appendices

2.A. Source terms and collision frequencies

This appendix summarises the formulas for the source terms and collision frequencies
used in equations (2.3)-(2.11). Most of the expressions come from previous works on
the axial fluid model [31]–[33], [51]. Xenon is used in the simulations here, and some
constants below correspond to it exclusively.

Plasma production is given by Sp = neνp, with the ionisation (or production) fre-
quency is expressed as

νp = nnc̄eσion0

[︃
1+

TeEion

(Te +Eion)2

]︃
exp

(︃
−Eion

Te

)︃
, (2.26)

with Eion = 12.1eV the first ionisation energy and σion0 = 5×10−20 m2. In Eq. (2.9), the
effective energy loss due to ionisation and excitation, satisfies

Einel =

(︃
2+

1
4

exp
2Eion

3Te

)︃
Eion. (2.27)

The electron injection at the cathode, centred at zN and with effective thickness 2ℓc, is
assumed to follow [33]

Sc(z) =
Id

eA
√

πℓc
exp

−(z− zN)
2

ℓ2
c

. (2.28)

Applying this to Eq. (2.13) and integrating, the normalized current function ιz = Iz/Id

satisfies
ιz =

1
2

erfc
z− zN

ℓc
. (2.29)

The elastic electron-neutral collision frequency is modelled crudely as νen = nnc̄eσen with
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2.A. Source terms and collision frequencies

σen = 27×10−20m2. The elastic electron-ion collision frequency is modelled as

νei = niRei,
Rei

10−12m3/s
= 2.9 ·

(︃
1eV
Te

)︃3/2

lnΛ,

lnΛ ≈ 9+
1
2

ln

[︄(︃
1018m−3

ne

)︃(︃
Te

1eV

)︃3
]︄
. (2.30)

Finally, the parameters related to plasma interaction with the lateral dielectric walls
are presented. The sheath potential fall in a dielectric wall satisfies

∆φw =
Te

e
ln
(︃√︃

mi

2πme
(1−δs)

)︃
. (2.31)

Here, δs is the effective SEE yield, modelled as

δs =

⎧⎨⎩
√︁

Te/T1 if Te < T1δ ⋆2
s ,

δ ⋆
s if Te ≥ T1δ ⋆2

s ,
(2.32)

with T1 material-dependent and δ ⋆
s the emission yield corresponding to the space-charge

saturation limit. This one follows

δ
⋆
s = 1−3.32

√︁
2πme/mi, (2.33)

and represents the classical Hobbs-Wesson result [52]. In this work T1 =36.77 eV. The
wall-loss term in the continuity equations is expressed as Sw = neνw, with

νw = ν̃w
√︁

Te/mi (2.34)

ν̃w a fitting parameter, constant inside the source and decreasing to zero downstream the
cathode. The wall-collisionality for electron momentum follows

νwm = νwδs/(1−δs) (2.35)

and the effective energy loss per electron is

Eew =

(︃
5.62+

1.65
1−δs

)︃
Te (2.36)

for Xenon.

An "average" ion impacts the lateral wall with an energy

miu2
zi

2
+

5
2

Ti +
Te

2
+ e∆φw.

Most of this ion energy is accommodated at the wall, and the rest is re-injected by the
new neutral from ion recombination. The understanding of this process continues to be
under investigation [53], [54]. Here, a parameter α ′

w measuring the ’non-accommodated
energy’ fraction is defined, and the resultant neutral energy is equi-distributed into the
following thermal and (axial) mechanical parts:

Enw =

(︃
5
2

Ti +
Te

2
+ e∆φw

)︃
α
′
w, (2.37)

miu2
znw/2 = α

′
w miu2

zi/2. (2.38)
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CHAPTER 3

A Non-neutral 1D Fluid Model of Hall Thruster Discharges:
Full Electron Inertia and Anode Sheath Reversal

This chapter reproduces the contents published by the author in the peer-reviewed
journal Plasma Sources Science and Technology [29]. The typography has been
adapted to the style of this thesis.

Abstract

A non-neutral model of the axial plasma discharge in a Hall thruster, including
full electron inertia, is presented. In the finite-volume formulation, two types of
sheath boundary conditions previously used in the literature are tested and proven
to behave practically identically in this model. Both normal and reversed (i.e. elec-
tron repelling and attracting, respectively) anode sheaths are admitted. This model is
compared with the quasineutral model developed in a previous work, which includes
only azimuthal electron inertia and normal anode sheaths. Both models agree excel-
lently within the parametric region where steady-state solutions with a normal anode
sheath exist. The non-neutral model shows the absence of steady-state solutions with
a reversed anode sheath. Nonetheless, a reversed sheath can appear during the tran-
sient to a steady-state solution with a normal sheath, and the periodic transition from
a normal to a reversed sheath can be observed in the presence of breathing-mode
oscillations. In other cases, the reversed sheath leads to the discharge shut-off. Full
electron inertia is always important in the presence of a reversed sheath. The para-
metric threshold of the wall accommodation parameter from a stationary solution to
a breathing mode one differs slightly between the non-neutral and the quasi-neutral
model.
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3.1. Introduction

Despite the decades of research on Hall Effect Thrusters (HETs), there is an incomplete
understanding of the plasma structure in the near-anode region. Today, it is commonly
accepted the existence of a plasma sheath (or anode fall), of the thickness of a few Debye
lengths, such that the anode is at a lower or higher potential than the near-anode plasma.
The difficulties in accurately measuring the plasma properties in the near-anode region
led to a limited amount of experimental evidence. Zhurin et al. [16], who transcribed
the vast knowledge of Russian literature, states that during normal operation, the electron
thermal flux is sufficient to sustain the discharge and thus an electron-repelling sheath,
hereafter called normal, forms at the anode. However, in case of low discharge voltage or
propellant flow, the thermal flux is not sufficient, and an electron-attracting, or reversed,
sheath is necessary; in this condition, the discharge is easily extinguished.

The presence of a normal electron-repelling sheath is indirectly associated with a
backflow of ions, which has been experimentally observed by Bishaev and Kim [55] and
Kim [46]. By measuring the plasma potential a few millimetres downstream of the anode,
Dorf et al.[56], [57] obtained insight into the nature of the anode fall in HETs. The ex-
perimental evidence suggests that both a normal and reversed sheath can form, depending
on the thruster operating parameters and the dielectric coating of the anode during the
experiments. In clean anode conditions, the anode sheath is normally electron-repelling,
with the potential drop decreasing at lower discharge voltages, while the appearance of
dielectric deposition in the anode is associated with an electron-attracting anode fall. The
formation of a normal sheath has been numerically observed in the models of Fife [58],
Ahedo et al. [27], [31], and Barral et al. [59] in which the ion backflow is recovered. A
reduction of the ion current to the anode is associated with a decrease in the anode poten-
tial fall, which eventually collapses, reaching the no-sheath condition. A similar sheath
structure transition has been observed around the hollow anode of an Anode-layer type
HET by Yokota et al.[60] with 2D particle-in-cell (PIC) simulations.

The no-sheath condition has been further investigated numerically by Ahedo and
Rus [47], who suggested that when approaching the vanishing of the sheath, the az-
imuthal electron inertia becomes important, thus violating the drift-diffusion assumption.
Recently Poli et al. [26] developed a time-dependent 1D quasi-neutral model which in-
cludes electron azimuthal inertia, where it has been shown how during strong ’breathing
mode’ oscillations the ion backflow to the anode can be greatly reduced, approaching
the no-sheath condition and exiting the validity of the axial drift-diffusion regime for
electrons: the model, which assumes the classical sheath formulation, cannot correctly
capture the no-sheath condition and the simulation fails. A two-region asymptotic model
of the plasma on a conducting electrode, capable of smoothly capturing the vanishing
sheath, has been developed by Ahedo and Escobar [48] to characterise the near anode
region of HETs. However, the model completely neglects the plasma discharge, thus the
mutual influence of the sheath and bulk plasma during the HET operation, for which a
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full model coupling the two regions is needed.

While the computational cost of 2D PIC codes makes them unsuited for simulating
the neutral timescales and anode sheath physics, and 1D PIC codes are seldom used[61],
the literature is populated with 1D fluid models of HET discharges [37], [38], [40]–[42].
However, the vast majority of them assume quasi-neutrality, the electron drift-diffusion
approximation, and a normal anode sheath. An exception is Sahu et al. [39], who analysed
a non-neutral model with full electron inertia. However, their analysis is focused on the
comparison with quasi-neutral models and the relevance of electron inertia on anomalous
electron transport.

In this work, the quasineutral model of Poli et al. is revisited to account for non-
neutrality and self-consistent resolution of the anode sheath through Poisson’s equation.
The two-fluid description of the plasma sheath requires the imposition of specific bound-
ary conditions for the ion and electron fluids; the two common approaches found in the
literature, introduced by Cagas et al.[62] and Sahu et al.[39], are here analysed and com-
pared both in the stationary and dynamic regimes. The non-neutral model is capable of
resolving the smooth transition from a normal to a reversed anode sheath and demon-
strates how this can occur during strong breathing mode oscillations, as suggested by Poli
et al..

The paper is organised as follows. The revisited model is presented in section 3.2
and the sheath boundary conditions in section 3.3.1. The comparison with the quasi-
neutral model is presented in section 3.4 for a normal sheath condition. The transition to
a reversed sheath is detailed in section 3.5 and finally, the ionisation instability is analysed
in section 3.6.

3.2. Model Formulation

The model considers electrons, singly-charged ions, and neutrals (indexes e, i, n, respec-
tively) as three different fluids and solves for the continuity, momentum, and energy equa-
tions. The model describes an axisymmetric plasma discharge by averaging the plasma
properties along the radial direction. The full system of the three fluid plasma equations,
written with standard notation, reads:
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Figure 3.1: The figure represents the Hall thruster model used in this work. A represents
the location of the anode, point E indicates the channel exit and N is the planar cathode
boundary.
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In addition, the potential is computed from Poisson’s equation

d2φ

dz2 =
e
ε
(ne −ni) , (3.12)

with ε the plasma permittivity.
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3.2. Model Formulation

Analogously to Poli et al., the continuity equations (3.1)-(3.3) include the volumetric
plasma production Sp = neνp and recombination at the lateral walls Sw = neνw, for which
the collision frequencies can be found in [26]. Isotropic scalar pressure ps ≡ nsTs,(s =
e, i,n) is assumed for the momentum equations, and ions are considered unmagnetised;
in the electron momentum equations, ωce = eB/me is the gyrofrequency and νe the total
electron collision frequency, which is used to define a resistive force. Four contributions
are included in the collision frequency

νe = νei +νen +νwm +αtωce, (3.13)

namely: the electron-ion, electron-neutral, wall collision frequency and a model for the
anomalous transport; the latter is hereby defined with an empirical parameter αt = 0.01,
which is kept constant throughout the paper. A detailed description of the collision fre-
quencies and the expansion of the plume cross-section can be found in [26]. Ion-neutral
charge exchange collisions are not considered in this model.

The momentum and energy equations of neutrals include terms proportional to uznw

and Enw, accounting for the energy of neutrals coming from ion recombination at the
lateral walls. Following [26], Enw and miu2

znw/2 are considered proportional to a wall ac-
commodation parameter α ′

w, with α ′
w=0 corresponding to total wall accommodation (i.e.

no energy of the recombined ion is retained). This empirical parameter is difficult to fit
from existing experimental and theoretical evidence. Laser-induced fluorescence mea-
surements in a HET coupled with hybrid simulations was used by Mazouffre et al.[63]
to find α ′

w ≈ 10% as the best fit. On the other hand, α ′
w=0 was used by Hofer et al.[64]

based on the analysis of gas interactions with general surfaces (not specific for HET) by
Bird[65]. Thus, the range α ′

w = 0− 10% has been considered in [26] and the present
paper.

The electron energy equation (3.8) includes the axial heat flux, reported in Eq. (3.11),
which is important to avoid nonphysical electron temperatures[27]. Nonetheless, this heat
flux is modelled with the conductive law (3.11) and uses the same effective collisionality
νe as for particle diffusion. This Fourier’s law must thus be considered as a simple qua-
sistatic closure of the fluid equations. Further works could consider the temporal-spatial
evolution of the heat flux and a higher-order moment closure of the electron fluid model.

Finally, the magnetic field profile used for this 1D model is [28]

B(z) = 1r Bm exp
[︂
−(z− zm)

2 /ℓ2
m

]︂
, (3.14)

where Bm is its maximum value, zm is the location of the maximum and ℓm1,2 the charac-
teristic lengths of magnetic decay inside and outside the channel.

The system of equations is integrated in time using a second-order total variation di-
minishing Runge-Kutta scheme[66] and discretised in space with the Kurganov-Tadmor [44]
second-order finite volume scheme. Each species is treated individually as a separate hy-
perbolic system. As for the electrons, the energy equation is a convection-diffusion PDE,
which is solved explicitly in time with the continuity and momentum equations. Pois-
son’s equation is discretised using finite differences, and the resulting tridiagonal matrix
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3.3. Boundary Conditions

is solved using the Thomas algorithm. In the nominal case, the domain is discretised in
1000 cells and advanced in time with a time-step ∆t =1 ps, thus resolving both the Debye
length and the plasma frequency constraints.

The present non-neutral model (NNM) and the quasi-neutral model (QNM) of Poli et
al. [26] differ, of course, on the treatment of Poisson’s equation and the resultant bound-
ary conditions at the ends of the plasma domain. In addition, the NNM includes both
the azimuthal and axial inertia of electrons, while the QNM only includes the azimuthal
electron inertia. There are no changes in the treatment of the heavy species. Additionally,
the plasma domain in Ref. [26] extended across a volumetric cathode, into the far plume,
while here it goes from the anode to a surface (infinitely thin) cathode that decouples the
far plume. This is justified by the much higher computational cost here and the delicate
numerical convergence of the fluid equations coupled with Poisson’s one in the rarefied
far plume with the volumetric cathode. The effects of collapsing the volumetric cathode
to a surface one are briefly discussed in appendix 3.A.

3.3. Boundary Conditions

The system of 11 equations requires the specification of boundary conditions. Anode
boundary conditions for ions and electrons will be discussed separately in section 3.3.1
since the formation of the anode sheath requires particular care.

The neutral fluid is injected supersonically, allowing for the imposition of tempera-
ture, velocity, and mass flow rate, accounting for ion recombination at the anode. At the
cathode, outflow boundary conditions are imposed. Electrons are injected at the cathode
with a current IeN = Id − IiN and a given energy Eec; the azimuthal velocity at injection
is set to zero. Ions leave the domain supersonically at the cathode, so that an outflow
condition is used. Finally, Dirichlet conditions specify the discharge potential between
the anode and cathode in Poisson’s equation.

3.3.1. Anode boundary conditions

In the literature, two main kinds of fluid boundary conditions allow the resolution of the
Debye sheaths, which hereby will be referred to as the vacuum and kinetic conditions. A
third type of boundary condition is used by [67], [68], which however can be reconducted
to a simplified version of the kinetic boundary condition, as shown later.

The vacuum boundary condition (VBC), proposed by Cagas et al. [62], relies on the
assumption that no plasma exists outside of the computational domain, i.e. in the absorb-
ing wall on which the sheath will form. If a ghost-cell approach is used in the formulation
of the boundary conditions, coupled with a Riemann solver-based discretisation algo-
rithm, such a condition can be easily imposed by setting to zero all the plasma properties
in the ghost-cell. The strong discontinuity with the domain’s interior can be resolved with
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3.3. Boundary Conditions

an exact or approximate Riemann solver, which will compute the correct fluxes across the
wall interface. Applying such conditions to both the ion and electron fluids will result
in the formation of a sheath, even though no physical constraint on the plasma sheath is
directly taken into account, thanks to the information on the wave speeds (much larger
for electrons, being based on the species sound-speed) intrinsically used by the Riemann
solver. Since dealing with zero density is impractical in the Fortran numerical code, a
particle number density of 1 m−3 is used to avoid division by zero. For what concerns the
electron energy equation, the inclusion of the diffusion term requires the imposition of
two boundary conditions, one for the anode and one at the cathode. Setting Te = 0 in the
ghost cell would result in zero temperature at the wall, leading to problems in the numer-
ical code; to avoid this, the temperature is computed from the first cell with a zero-order
extrapolation (note that in the ghost cell, pe ≈ 0 is still valid, being ne ≈ 0). Finally, if an
approximate Riemann solver is used, care must be taken to ensure the positivity of density
and energy, which can be violated in near vacuum conditions for non positive-preserving
schemes [69].

The kinetic boundary condition (KBC) is based on the assumption that the plasma
at the anode follows a drifted Maxwellian velocity distribution function (VDF), and no
particle is re-emitted into the plasma from the wall (the secondary electron emission yield
of metals is generally very low, thus it is usually neglected at the anode). First introduced
by Sahu et al. [39] as a sheath boundary condition, it is derived from the classic theory
of molecular flow impinging on a surface [70]. While the assumption of a Maxwellian
VDF at the anode is in general arguable [71], a more appropriate description would be
obtained with a half-Maxwellian VDF, being the wall a physical boundary after which
no plasma exists. In this assumption, the fluid velocity is a result of the asymmetry of
the truncated VDF, showing good agreement with the kinetic theory[72]. However, by
definition, the fluid formulation assumes a full Maxwellian VDF at every point of the
domain, so an inconsistency would arise if the thus computed nα ,Tα , ūα are used to define
a half-Maxwellian VDF of the species α = i,e. By carrying out the integration for the
different moments of the velocity distribution function, we obtain the following fluxes of
particles, axial and azimuthal momentum, and energy, respectively:
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erf ũzα ±1

)︁]︁
, (3.15)

Γ2α =±nαTα

mα

[︃
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+ ũ2

zα

)︃(︁
erf ũzα ±1
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where ũzα = uzα(2Tα/mα)
−0.5 is the normalized axial velocity and c̄α = (8Tα/πmα)

0.5

the thermal speed; the ± depends on the direction of the cell face normal, the minus here
applying to the anode face . The fluxes, computed from the plasma properties at the anode,
can be readily used as boundary conditions in the finite volume scheme for both ions

38



3.4. Steady State Solutions with Normal anode sheath

Table 3.1: Relevant simulation parameters for the nominal case.

Parameter Value Parameter Value

ṁ 4.75 mgs−1 Vd 300 V

Tn 0.06 eV Eec 5 eV

uzn 300 ms−1 θ 16 deg

Bm 266 G zm 2.5 cm

ℓm1 1.30 cm ℓm2 1 cm

zE 2.5 cm zN 3.35 cm

Ac 40 cm2 R 4.25 cm

dc0 1.5 cm α ′
w 0 %

αt 0.01 ν̃w 0.17

ε 8.85×10−11 Fm−1

and electrons by replacing the numerical flux computed at the boundary interface. This
boundary condition naturally adapts to both normal and reversed sheaths. For instance,
from Eq. (3.15) the two limits

lim
ũzα→0

Γ1α =±nα

c̄α

4
, lim

ũzα→∞
Γ1α = nαuzα , (3.19)

represent the extreme cases of density flux in the case of no bulk velocity and hypersonic
flow directed towards the wall, which in the case of an electron fluid would result in a
normal and reversed sheath, respectively.

The third kind of boundary condition that is commonly found is based on the integra-
tion of a Maxwellian VDF with zero drift velocity. The resulting mass flux is equivalent
to the first limit case of Eqs. (3.19) and the boundary condition is obtained by the simple
summation of the convection flux and the thermal flux:

Γ1α = nα

(︃
uzα ± c̄α

4

)︃
. (3.20)

While formally, the limits of this boundary condition are equivalent to Eqs. (3.19), the
simple summation of the fluxes will result in inaccurate predictions for uzα = O(c̄α).

3.4. Steady State Solutions with Normal anode sheath

The relevant parameters used for the simulation are reported in Tab. 3.1 and correspond
to the nominal steady-state simulation of [26]; it must be noted that in this work the volu-
metric cathode and plume have been dropped, reducing the domain to the one of Fig. 3.1.
The surface cathode has been chosen to better compare with the non-neutral model, for
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3.4. Steady State Solutions with Normal anode sheath

which the extended domain means much larger computational times and convergence is-
sues related to the solution of Poisson’s equation. The QNM and NNM are compared
in Fig. 3.2, accounting for the different boundary conditions in the latter one. The com-
parison shows excellent agreement between the models, exceptions made for the axial
velocities and densities at the anode, which will differ due to the self-consistent resolu-
tion of the sheath. The anode currents and the sheath potential are reported in Tab. 3.2,
where the models converge to the same discharge current with a maximum error of 0.5%.
It has been observed that in general, the quasi-neutral model predicts a lower |IiA|, which
in extreme cases can lead to the failure of the classic sheath model. The sheath potential
is hereon indicated by φAB for both the QNM and NNM, where the point B corresponds
to the location where the Bohm criterion is met, either for ions or electrons in normal and
reversed sheath, respectively.

The steady-state comparison shows how the two sheath boundary conditions lead to
negligible differences in the discharge profiles. The zoom-in of plot (h) of Fig. 3.2 shows
the self-consistent plasma sheath compared with the infinitely thin sheath model in the
QNM [26], for which the potential drop satisfies

φAB =
TeB

e
ln

ceB

4|uzeB|
(3.21)

with ceB =
√︁

8Te/πme the electron mean thermal velocity. It can be seen that the sheath
potential is slightly overestimated with respect to the thin sheath model, and the VBC
produces a larger drop than the KBC; nevertheless, the differences are marginal and can
safely be neglected.

The comparison between the QNM and NNM has been performed for different values
of ℓm1 (and thus of BA); a maximum value of ℓm1 ≈1.34 cm exists for the QNM, above
which the sheath collapses during the transient phase and leads to the failure of the sim-
ulation. However, up to this value, the steady-state solution of the QNM reproduces very
well that of the NNM, demonstrating the validity of the QNM assumptions as long as the
no-sheath condition is not reached. An upper limit on the magnetic field also exists for the
NNM, for which the plasma discharge can detach from the anode as shown in section 3.5.

The boundary conditions for the NNM are analysed here. In a normal sheath regime,
the sheath formation implies the satisfaction of the Bohm criterion for ions, which are
required to cross the sheath boundary with uzi ≥ cs, where cs = [(Te +Ti)/mi]

0.5 is both
the Bohm’s and the ion-sound speed in this fluid model. The fulfilment of the Bohm cri-
terion is reported in Fig. 3.3 (top), where for both boundary conditions the ions enter the
sheath (identified as the region where charge separation becomes large) supersonically.
In the case of the VBC condition, the ion sonic point is slightly closer to the anode than
with the KBC; nonetheless, it still enforces the Bohm criterion, as opposed to what Jon-
cquieres et al. [67] observed. The differences with respect to Joncquieres et al. extend
to the momentum balance in the near anode region, wherein the current implementation
of the VBC and KBC show the same behaviour, as shown in Fig. 3.3 (bottom). For both
conditions, the dominant terms are the pressure and the electrostatic forces, which do not
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3.5. Anode sheath reversal

Table 3.2: Nominal case. Anode currents and sheath potential at steady-state for the case
of Tab. 3.1.

NNM + KBC NNM + VBC QNM
Id [A] 5.1159 5.0880 5.1118
|IiA| [A] 0.4726 0.4796 0.4124
φAB [V] 10.17 10.8 9.05

vanish at the wall; this is in contrast with [67] in which the vacuum condition results in
zero pressure and electrostatic force at the wall. From the axial momentum balance, the
axial inertial terms can be safely neglected, as expected in normal sheath operation, where
the drift-diffusion approximation is in general justified.

Table 3.1 shows that the nominal simulation applies in Poisson’s equation a permit-
tivity ten times the vacuum one, ε0, to relax the Debye length and the timestep. Fig. 3.4
plots ne and φ for the nominal case but three different permittivities. The differences be-
tween the cases ε equal to ε0 and 10ε0 are negligible except for the extension of the thin
anode sheath, and thus ε = 10ε0 is used throughout the paper. For ε = 100ε0 there are
mild differences in the electron density profile. The computational gain by multiplying
the permittivity by 10 is 7 times.

3.5. Anode sheath reversal

Normal Hall thruster operation requires the presence of an ion back-flow at the back of
the thruster channel to keep the plasma discharge ’attached’ to the anode. The ratio of the
ion backstreaming and the discharge currents |IiA|/Id , is an important parameter for the
overall thruster efficiency. In usual operating conditions, the magnetic field is regulated
so that the backstreaming current is 5−10% of Id , with the thruster efficiency degrading
for larger percentages. This is associated with the formation of a normal sheath, which
accelerates the ions, providing the necessary backflow. However, there might be condi-
tions for which the anode sheath fall is reduced, such as at low mass-flow rate [16] or
low discharge voltage [47], or more in general when the electron transport to the anode
is smaller, either due to a large magnetic field (or a cusped topology [73]) or to dielec-
tric coating deposited on the anode during the thruster operation [57]. When the electron
transport becomes too small to sustain the discharge, the sheath collapses and a reversed
sheath forms. The classic sheath formulation used in 1D HET models cannot capture the
transition, being based on the hypothesis of uze ≪ ce, thus resulting in the failure of the
simulation. Moreover, the drift-diffusion assumption for the electrons is no longer valid
in a positive sheath, as shown later.

The non-neutral two-fluid formulation of the present model allows to resolve the tran-
sition to a reversed sheath. In this work, in line with [26], the transition is triggered by
reducing the anode electron mobility by increasing the anode magnetic field. As with
the quasi-neutral model, an increase of BA results in a decrease of IiA, which eventually
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Figure 3.2: Nominal case, defined in Table II. Comparison of steady-state solutions for
the NNM + KBC and NNM + VBC, with the QNM of [26].
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3.6. Breathing Mode and sheath reversal

leads to the collapse of the anode sheath and subsequently to the formation of a reversed
sheath.

For moderate values of BA, the transition to a reversed sheath, coincident with the
depletion of ion density at the anode, is unstable, and the plasma discharge manages to
re-attach itself to the electrode in a few µs, recovering the normal sheath condition. How-
ever, if BA is further increased, the discharge completely detaches from the anode in the
order of tens of µs, leading to the depletion of plasma density in the whole domain which
eventually causes the failure of the simulation: for the parameters of Tab. 3.1, the limit is
at ℓm1 =1.42 cm (i.e BA = 12.04 G), above which no solution is found. These different
behaviours are reported in Fig. 3.5 where depending on BA the discharge either recovers
or shuts off at ∼ 60 µs; in both cases, during the reversed sheath operation, IiA ≈ 0 A, as
shown in Fig. 3.5 (bottom). The time evolution of the depletion of ion density is shown in
Fig. 3.6 for the NNM+KBC at ℓm1 =1.422 cm (i.e BA = 12.14 G). As for the steady state
solution, the increase in vacuum permittivity does not affect the overall behaviour of the
anode sheath dynamics: using ε = ε0, the discharge has the same behaviour as Fig. 3.5
but with a stronger electric field and a more abrupt transition. (Indeed, the same trend is
found when going from ε = ε0 to the quasineutral limit ε = 0.)

The instantaneous axial electron momentum balance in the reversed sheath condi-
tion is reported in Fig. 3.7 for both the vacuum and kinetic boundary conditions. In the
electron-attracting sheath condition, the role of ions and electrons is exchanged, so that
electrons satisfy the analogue of the Bohm criterion, entering the sheath supersonically.
Pressure is no longer balancing the electric force, which is compensated by the inertial
terms; consequently, the drift-diffusion approximation is not valid anymore.

A different mechanism which can trigger the transition to a reversed sheath is the
reduction of the mass flow rate to small values, as observed by Zhurin et al. [16]. The
present model behaves as expected, and for low values of ṁ (∼ 20% of the nominal mass
flow rate), the anode sheath is reversed and extends into a large fraction of the channel,
being the plasma density extremely low. In this operating condition, the discharge gets
easily extinguished and the plasma density is completely depleted in ∼ 200 µs.

In general, the non-neutral model could not obtain a stationary reversed sheath oper-
ating point, but rather an unstable condition that either transitions to the normal sheath or
results in the shut off of the discharge.

3.6. Breathing Mode and sheath reversal

In this section, the non-neutral model is used to show cases exhibiting "breathing-mode"
(BM) oscillations with normal and reversed sheaths. As in [26] for Model 5 (the closest
to the present nonneutral model), the nominal case of Table I does not develop the BM,
even changing ℓm1 (i.e. the magnetic field profile), and the accommodation parameter α ′

w

will be varied to obtain BM solutions and show the presence of reversed sheaths. Other
parameters could have been used for this, but an analysis of the parametric regime for the
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tion.
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VBC in a reversed sheath. The plot refers to the timestep of maximum electric field in
the reversed sheath shown in Fig. 3.5 (top) for BA =12.04 G. The knee observable in
the electric force roughly describes the extension of the reversed sheath in the thruster
channel.
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3.6. Breathing Mode and sheath reversal

Table 3.3: Mean and oscillations of discharge current, sheath potential (at the Bohm cross-
ing point) and breathing mode frequency for the kinetic and vacuum conditions. Nominal
case except for ℓm1 =1.30 cm, α ′

w = 5.5%.

NNM + KBC NNM + VBC
Id [A] 4.56 ± 2.12 4.55 ± 2.09
φAB [V] 6.72 ± 5.21 7.18 ± 5.20
f [kHz] 20 20

BM is out of the scope here.

While quasi-neutral 1D models have been extensively used in the literature to simulate
the ionisation instability, to our knowledge, there is no analysis of such a phenomenon
when non-neutral effects are accounted for. The major drawback of using the present
model in the breathing-mode time scales is the much larger computational time compared
to the QNM; for instance, the simulations presented in the following sections required a
total of 2× 109 iterations to reach 2 ms, for a simulation time of ∼ 2 days (∼ 300 times
more than the QNM).

3.6.1. Boundary Condition Comparison

The first analysis aims to compare the two types of sheath boundary conditions in the
dynamic regime. The same simulation has been performed with both the KBC and VBC
for the set of parameters reported in Tab. 3.1, with the sole exception of taking α ′

w = 5.5%.
The discharge current, sheath potential and oscillation frequency are reported in Tab. 3.3.
Small discrepancies can be observed in the discharge current and sheath potential, which
is overestimated by the VBC; besides this, the choice of the boundary condition does not
affect the oscillation period or phase of the breathing mode. The time-averaged profiles
over several oscillation cycles are shown in Fig. 3.8, where, as in the stationary case, the
different boundary conditions yield almost perfectly matching results. In light of this, it
is safe to assume that the choice of the sheath boundary condition has very little influence
on the overall discharge, both in the stationary and dynamic scenarios.

3.6.2. Triggering the ionization instability

Figure 3.9 shows the evolution of main plasma variables near the anode when α ′
w is varied

from 0 to 10%, and the magnetic field profile is kept fixed (with ℓm1 =1.3 cm). The
solutions of the quasi-neutral model and the non-neutral one (with KBC) are compared.
The figure shows the transition from a steady-state to a BM solution at a certain α ′

w, and
then plots the maximum and minimum values of φAB, −IiA and Id at 2 ms. For the non-
neutral model, φAB is computed as the potential fall between the anode and the sheath
edge B, which, at each timestep, is identified as the Bohm condition point. For α ′

w > 6%

47



3.6. Breathing Mode and sheath reversal
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(i.e. at large enough energy of neutrals), the non-neutral model predicts a transition to
a reversed sheath at each breathing mode oscillation period, whereas the quasi-neutral
model reaches the sheath vanishing condition and eventually the failure of the simulation.
For α ′

w → 0, the two models converge to the same stationary solution of Fig. 3.2.

It must be noted that compared to the results in [26], the quasi-neutral model fails at
larger values of α ′

w; such difference is found to be caused by the usage of a planar cathode
and no downstream plume, as opposed to a volumetric cathode. A more detailed analysis
of the effects of the volumetric cathode is presented in the Appendix.

3.6.3. Sheath reversal

As already observed by Poli et al. [26], during strong breathing mode oscillations |IiA|/Id

can reach very small values. As commented before in Section 3.5, in the quasi-neutral
model, this results in the failure of the simulation, being the infinitely thin sheath model
no longer valid. In Figure 9, this happens at α ′

w ≈ 6%. However, when the sheath is
self-consistently resolved in the non-neutral model, the transition to an electron-attracting
sheath is observed right before the peak of the discharge current in each breathing mode
period. Figure 3.10 shows the BM solution for α ′

w = 10%. When the discharge cur-
rent increases, niA, IiA → 0, and the electron flux must provide the necessary current, an
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Figure 3.10: Ion density, ion current to the anode, potential and discharge current over
various breathing mode cycles. The plots refer to the case with ℓm1 =1.30 cm, α ′
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electron-attracting sheath forms which sharply accelerates the electrons to supersonic ve-
locities. The third plot of Fig. 3.10 shows the time evolution of the potential sampled at
z =0.1 cm over multiple breathing mode cycles. It is clear the transition from normal to
reversed sheath, which is associated with large negative values of the potential; the re-
versed sheath regime lasts for about 9% of the oscillation period before transitioning back
to a normal sheath once the discharge reattaches to the anode. Even though a steady-state
operation in the reversed sheath regime could not be found, Fig. 3.10 shows the existence
of solutions with stable periodic transition to such a condition.

3.7. Conclusions

A 1D time-dependent non-neutral model of the HET discharge is presented. The model
resolves self-consistently the plasma sheath according to the two-fluid formulation, and
two different boundary conditions are analysed. The plasma domain extends from the
anode to the planar cathode, including part of the plume expansion right after the channel
exit. This model is the generalisation to account for the non-neutrality and full electron
inertia of Model 5 presented in [26]. The model allows the resolution of the normal
(electron-repelling) and reversed (electron-attracting) sheath and its smooth transition at
the anode; this novelty extends the capabilities of classic 1D models aiming to analyse
the approach of the no sheath condition commonly obtained when electron mobility is
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3.7. Conclusions

reduced.
The comparison with the quasi-neutral model has shown very good agreement in pre-

dicting the discharge current and the most relevant properties of the plasma discharge,
with only some differences in the anode sheath potential drop. Nonetheless, the com-
parison confirms the capability of quasi-neutral models to correctly capture the main dis-
charge features, as long as the no-sheath condition is not reached, for which the model
hypotheses fail and a non-neutral fully inertial treatment is required.

The integration of the equation involves the resolution of 3 (non-strictly) hyperbolic
systems, one for each species, advanced explicitly in time and the solution of Poisson’s
equation for the potential. To relax the time-step and Debye length constraints, the vac-
uum permittivity has been increased by a factor of ten without observing major differences
in the solution, apart from the Debye sheath thickness. The self-consistent modelling of
the anode sheath is obtained by imposing appropriate boundary conditions; here, the ki-
netic and vacuum conditions are analysed. The model showed insensitivity to the choice
of boundary conditions, with just minor differences in the predicted anode falls, both in
the normal and reversed sheath. The analysis has been carried out for simulations reaching
a stationary solution and for the ones exhibiting breathing mode, showing again almost
perfect agreement between the two boundary conditions in the different regimes. As
in [26], the triggering and amplitude of the breathing mode have been controlled by tun-
ing the empirical wall accommodation parameter α ′

w. First, with normal anode sheaths,
the trends of the amplitude of discharge current oscillations with α ′

w show good agree-
ment with the quasi-neutral model. Second, the non-neutral model has allowed to analyse
the anode fall transition from electron-repelling to electron-attracting. As expected, the
transition is the result of reduced electron mobility at the anode, which in this work is
mainly obtained through the regulation of the magnetic field decay in the channel or by
the onset of strong ionisation instability; alternatively, an important reduction of the pro-
pellant mass-flow rate can effectively induce the transition, as observed experimentally
during the extensive Russian testing of HETs. From the simulations, it appears that the
reversed sheath condition is not a stable operating point, leading either to the transition
to normal operating mode or the shut off of the discharge; the latter is associated with a
strong depletion of ion density in the near anode region, corresponding to a detachment
of the plasma bulk from the anode, which is eventually convected out of the thruster.
Nonetheless, during strong ionisation instability, the periodic transition to the reversed
sheath condition has been observed in each period of the oscillation. Throughout the dif-
ferent analysed simulation conditions, no stable reversed sheath operating point could be
found, which can be the result of the low dimensionality of the model, which neglects im-
portant 2D effects (such as the localised formation of the reversed sheath, which does not
involve the whole electrode). As suggested by the classic sheath theory, the electron dy-
namics inside the reversed sheath is dominated by the electric field, which is balanced by
the electron axial inertia. The necessary contribution of inertia violates the drift-diffusion
assumption, highlighting the limit of quasi-neutral drift-diffusion 1D HET models when
strong reductions of the electron mobility are analysed.
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Appendices

3.A. Influence of the cathode thickness

The major difference between the quasi-neutral model used in this work with respect to
the one presented in Ref. [26], is the absence of the volumetric cathode and far plume,
which is here substituted by a planar cathode. While the far plume has little influence on
the discharge properties within the channel, Bello-Benítez and Ahedo [28] observed that
the thickness of the volumetric cathode can mildly modify the stationary plasma discharge
around the cathode region, and surprisingly, in the proximity of the anode. However, the
volumetric source term has non-negligible effects on the thruster dynamics, as highlighted
in Fig. 3.A.1, where the occurrence of breathing mode at 10 ms is evaluated for different
thicknesses of the volumetric source term. Given the results of Ref. [28], where the cath-
ode effects propagate to the anode, it is not surprising that the ionisation instability is
affected as well, being extremely sensitive to the discharge equilibrium. In particular, a
larger volumetric cathode length promotes the onset of the ionisation instability. How-
ever, for ℓc → 0 the steady state solution is identical to the one obtained with the surface
cathode and no far plume, being the regions before and after the cathode decoupled; the
comparison is reported in Fig 3.A.2. For this reason, the differences in the discharge sta-
bility of the QNM with respect to the model of Ref. [26] can be solely attributed to the
choice of the cathode model.

52



3.A. Influence of the cathode thickness

10!2 10!1 100

`c [cm]

Stationary Breathing

Figure 3.A.1: Ionisation instability at 10 ms for the Model 5 of [26] for different thick-
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w = 4%.
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CHAPTER 4

2D Fluid Code: Modelling Strategies and Numerical
Implementation

This chapter describes the physical and numerical details of the 2D fluid model, together
with the actual implementation and structure of the code. The current implementation of
the model solves the 3-fluid (electrons, ions and neutrals) approximation of the plasma
discharge with a Finite Volume Method. In the next sections, a brief derivation of the
5-moment model from the Boltzmann equation is reported, and the numerical techniques
implemented in the code are detailed. In the last section, 1D and 2D validation test cases
are shown.

4.1. Fluid description of a plasma

In general, plasma can be statistically described by the collisional Boltzmann equation:

∂ fα

∂ t
+ vα ·∇x fα +

qα

mα

[E× B] ·∇v fα =

[︃
∂ fα

∂ t

]︃
coll

, (4.1)

where fα is the velocity distribution function (VDF) of species α = e, i,n, ∇x and ∇v

are the derivatives in space and velocity, mα is the mass, and the right-hand side repre-
sents the collisional processes. Given the complexity associated with directly solving the
Boltzmann equation, it is customary to approximate it using either a kinetic or fluid ap-
proach. In general, high-order moment fluid models can be derived, although here only
the transport equations of mass, momentum and energy are considered, yielding the so-
called 5-moment description of a plasma. A possible derivation of the model starts by
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4.1. Fluid description of a plasma

taking moments of the velocity distribution function:

nα =

$
fαd3v, nαuα =

$
v fαd3v,

Mα = mα

$
vv fαd3v, P

′′
α =

mα

2

$
vv2 fαd3v,

(4.2)

corresponding to the number density nα , the particle flux vector nαuα , the momentum
flux tensor Mα , and the energy flux vector P′′

α (note that formally P′′
α is not the complete

third order moment of the VDF, which coincides with the energy flow triad) [71], [74].
The transport equations can be obtained by multiplying the Boltzmann equation for the
moments and integrating over the velocity space, yielding a set of exact equations:

∂nα

∂ t
+∇ · (nαuα) = Sα , (4.3)

mα

∂ (nαuα)

∂ t
+∇ · Mα = qnα [uα × B−∇φ ]+ Rα , (4.4)

1
2

∂ tr(Mα)

∂ t
+∇ · P

′′
α = qnαuα ·∇φ +Eα , (4.5)

where 1
2 tr(Mα) =

3
2 pα + 1

2mnαuαuα = Eα is the fluid total energy with pα the fluid scalar
pressure. The terms Sα , Rα and Eα account for the effects of collisions (and more in gen-
eral of external sources) on plasma production, momentum exchange, and loss (or gain)
of energy, respectively. The above equations can be further expanded by decomposing the
momentum flux tensor and the energy flux vector:

Mα = pα +mαnαuαuα (4.6)

P
′′
α = (mαu2

α/2)nαuα + hα + τα ·uα + qα (4.7)

where pα is the pressure tensor, hα = (5/2)Tαnαuα is the enthalpy flux, with Tα the
average temperature, τα = pα −nαTα I the gyrostress tensor and qα the heat flux vector.
The system of equations (4.3-4.7), which up to this point is exact, is undetermined, as it
has more unknowns than equations, and a closure must be imposed. The main assumption
of the 5-moment fluid model is to assume the gas at thermal equilibrium, hence described
by a Maxwellian velocity distribution function:

fα = nα

(︃
mα

2πeTα

)︃3/2

exp

[︄
−mα (v−uα)

2

2eTα

]︄
, (4.8)

for which the distribution of the random velocity is isotropic. From this, it follows that
the pressure tensor pα is isotropic and ∇ · pα = ∇pα with pα = nαeTα for the equation
of state of an ideal gas. For the same reason, for a Maxwellian VDF qα = 0. Finally, by
definition, also the gyrostress tensor τα vanishes. With these three important assumptions:

∇ · pα = ∇pα , qα = 0, τα = 0, (4.9)
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4.2. Numerical methods

the system of equations can be written in a closed formulation as:

∂nα

∂ t
+∇ · (nαuα) = Sα (4.10)

∂ (nαuα)

∂ t
+∇ · (nαuαuα) =

qnα

mα

[uα × B−∇φ ]− 1
mα

∇pα + Rα (4.11)

∂ (Eα)

∂ t
+∇ · ((Eα + pα)uα) = qnαuα ·∇φ +Eα (4.12)

This system of equations represents the ideal 5-moment model, describing the time evo-
lution of mass, momentum and energy, and it is the set of equations implemented in the
2D code. However, as already commented in chapter 2 [Eq. 2.15], it is customary for fluid
models (of this type), especially applied to Hall effect thrusters [30], to include an approx-
imate description of the heat flux vector qα . The standard closure applies to collisional
plasmas (yielding a conductive heat flux) and takes the form of a Fourier-like law:

qα +
ωcα

να

(qα × B) =−5enαTα

2mανα

∇Tα , (4.13)

with ωce and να , the cyclotron frequency and the total collision frequency, respectively.
This closure is obtained by the stationary (uα = 0), steady-state assumption of the com-
plete heat flux transport equation with the Crook collision model to account for the colli-
sional effects [74]. In this Thesis, the heat flux vector in the 2D code is always neglected
(i.e. solving the ideal 5-moment system), mostly due to the unjustified assumption of a
stationary flow in E ×B devices, as it will be highlighted in the following chapters.

4.2. Numerical methods

To illustrate the numerical methods implemented by the code to solve the fluid equations
(4.10-4.12), the system of conservation laws is written in its generic differential form for
the two directions z and y:

∂U
∂ t

+
∂ F
∂ z

+
∂G
∂y

= S, (4.14)

where

U =

⎡⎢⎢⎢⎣
n

nu
nv
E

⎤⎥⎥⎥⎦ , F =

⎡⎢⎢⎢⎣
nu

nu2 + p/m
nuv

(E + p)u

⎤⎥⎥⎥⎦ ,

G =

⎡⎢⎢⎢⎣
nv

nvu
nv2 + p/m
(E + p)v

⎤⎥⎥⎥⎦ , S =

⎡⎢⎢⎢⎢⎣
S

qn
m

[︂
vB− ∂φ

∂x

]︂
+Rx

qn
m

[︂
−uB− ∂φ

∂y

]︂
+Ry

qnu ·∇φ +E

⎤⎥⎥⎥⎥⎦
(4.15)
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are the vectors of states, fluxes in the two directions and source terms, respectively. Note
that the species subscript α has been dropped, but the charge q is kept, so that equa-
tion (4.14) applies to electrons, ions and neutrals. The system of equations is integrated
with a Finite Volume Method (FVM) on a structured Cartesian mesh. The finite volume
approach has been chosen due to its inherent property of ensuring conservation, which is
derived from the integral formulation of the conservation laws [75]. The state vector U
is considered at the cell centre and represents the cell average of the fluid variables. The
current implementation of the FVM utilises a 1D approximate Riemann solver to treat
the discontinuity arising at each cell interface; the use of genuinely 2D Riemann solvers
is seldom done in practice, due to the significantly higher complexity. The numerical
scheme is thus to be intended as applied component-wise in the two directions and with-
out loss of generality, it is presented hereafter in the more concise 1D formulation along
the z direction (the y direction is readily recovered considering the flux vector G).

The numerical integration of equation (4.14) is composed of three basic blocks: cell
face reconstruction of the variables, numerical fluxes evaluation and time integration; a
brief description of the methods employed in each block is hereby reported.

4.2.1. Cell face reconstruction

As previously mentioned, the state vector U represents the cell average value of the macro-
scopic variables, and it is stored at the cell centre; as a result, the first step in the integration
of the equations is to compute an appropriate estimation of the state vector at the cell in-
terfaces with which the numerical fluxes can be evaluated. Even though the equations are
solved in their conservative form, the cell face reconstruction is performed on the prim-
itive variables Q = [n,u,v, p]t to reduce the risk of internal energy and density positivity
violations. A conversion between the conservative and primitive variables is performed
before the reconstruction. In this section, as reported in Fig. 4.1, the cell interfaces are
denoted by the subscripts i− 1/2 and i+ 1/2 for the interfaces located left and right of
the generic ith cell, respectively; in addition, the superscripts L and R are used to specify
whether the reconstructed value at the interface is obtained from the left or right side of
the interface itself (i.e whether it is obtained from the ith or ith+1 cell). The superscripts
are used to introduce local coordinates at each cell interface, greatly simplifying the nu-
merical flux expression.
Several schemes with different approximation orders are available in the code:

Piecewise-constant The most crude approximation implemented in the code relies on
the assumption of piecewise-constant reconstruction of the variables inside the cells. De-
spite its robustness and simplicity, the method is only 1st order accurate, and it can lead to
the introduction of large numerical diffusivity from the approximate Riemann solver due
to the possibly large discontinuities across the cells.
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4.2. Numerical methods

Figure 4.1: Schematic representation of the piecewise-linear reconstruction of the cell-
averaged states Qi.

MUSCL 2nd order A more accurate approximation is obtained by considering a piecewise-
linear reconstruction, adopting the Monotonic Upstream-centred Scheme for Conserva-
tion Laws (MUSCL) [76], [77]. The reconstructed values at the cell interface are obtained
by evaluating the gradients between the cell i and its neighbours (i+ 1, i− 1), yielding a
second-order accurate scheme. To avoid introducing new maxima and minima, and thus
spurious oscillations in the solution, a Total Variation Diminishing (TVD) [78] nonlinear
limiter is used. The current implementation uses the minmod slope limiter, although other
choices are possible. The reconstructed primitive variables vector at the cell interfaces
i−1/2, i+1/2 is computed as:

QR
i−1/2 = Qi −

1
2

∆i, QL
i+1/2 = Qi +

1
2

∆i (4.16)

with ∆i the local slope of Qi in the i-th cell computed with the minmod slope limiter

∆i = minmod
(︃

θ
Qi −Qi−1

∆z
,
Qi+1 −Qi−1

2∆z
,θ

Qi+1 −Qi

∆z

)︃
, 1 ≤ θ ≤ 2, (4.17)

minmod(x1,x2, ...x j) =

⎧⎪⎪⎨⎪⎪⎩
min j{x j}, if x j > 0 ∀ j,

max j{x j}, if x j < 0 ∀ j,

0, otherwise.

(4.18)

with θ a free parameter: for θ = 1 the usual minmod limiter is recovered, while for θ = 2
a less diffusive version is obtained. In the vast majority of the cases, θ = 1, yielding a
slightly more diffusive but robust solution.

CWENO 3rd order The highest order reconstruction scheme available in the code is a
3rd-order Central Weighted Essentially Non Oscillatory (CWENO) scheme developed by
Kurganov and Levy [79]. While the scheme performs well in smooth scenarios, it lacks
robustness when the plasma becomes turbulent; thus, it is seldom used and it is here only
cited for the sake of completeness.
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4.2. Numerical methods

Regardless of the reconstruction scheme, once the primitive variables at the cell in-
terfaces are obtained, the conservative variables are recovered to be later used by the
Riemann solver.

4.2.2. Approximate Riemann solvers

Table 4.1: Approximate Riemann solvers available in the code. For each solver, the
number of waves and the capability of resolving contact discontinuities are reported.

Solver Waves Contact discontinuity ref

Rusanov 1 No [80]
HLLE 2 No [81]

HLLEM 2 Yes [82]
HLLC 3 Yes [83]
Roe 4 Yes [84]

The code contains a variety of approximate Riemann solvers that can be readily used
with any of the reconstruction schemes described in the previous section. The available
solvers are reported in table 4.1; for each solver, the number of resolved waves and the
capability of capturing the contact discontinuity are reported. All of the implemented
solvers can capture shock and expansion waves, however, with different levels of accuracy
due to the different number of resolved waves. The Roe solver is seldom used due to the
intrinsic flaw of entropy-violating expansion-shock waves; even with the inclusion of
the entropy-fix [85], the HLLC remains the preferred choice in terms of accuracy and
computational cost (in the current implementation).

For the sake of brevity, only the HLLC scheme is hereby explicitly reported, noting
that the HLL-family and Rusanov can be reduced to the same formulation when suitable
wave speeds are selected.

HLLC Solver Following the same notation of section 4.2.1, QL
i+1/2,Q

R
i+1/2 represent

the left and right reconstructed states across the interface located at i+ 1/2; from now
on the interface location subscript will be omitted without loss of generality, being the
discussion applicable to every cell interface in the two directions of the Cartesian mesh.
Across the interface, the reconstructed states are in general different, thus introducing
a discontinuity: the approximate Riemann solvers provide a numerical flux to connect
the two states without solving the complete Riemann problem. As before, the scheme is
presented for one of the two spatial coordinates, to be intended as applied on the direction
normal to the cell interface; application to the other coordinate is straightforward. The
HLLC scheme, proposed by Toro [83], is based on the HLL solver, but it allows the
exact resolution of contact discontinuities by including a third wave and thus four states.
The general wave structure of the HLLC solver is reported in Fig. 4.2. The inclusion of
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4.2. Numerical methods

Figure 4.2: HLLC wave structure.

the contact discontinuity requires the estimation of a contact speed λ ∗, generating two
intermediate states composing the star region. The numerical flux is thus expressed as:

F =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
FL, if 0 ≤ λ L,

FL
∗ , if λ L < 0 ≤ λ∗,

FR
∗ , if λ∗ < 0 ≤ λ R,

FR, if 0 > λ R.

(4.19)

In case of supersonic flow, the scheme reverts to the classic upwind scheme, imposing
the numerical flux to be FL,FR depending on the flow direction; in this condition, the
numerical flux coincides with the physical flux evaluated at the cell interface. In the
case of subsonic flow, a suitable expression for the star region flux must be provided. A
possible formulation is:

FK
∗ =

λ∗
(︁
λ KQK − FK)︁+λ K p∗D

λ K −λ∗
, K = L,R, D = [0,1/m,0,λ∗]T (4.20)

where p∗ is the contact pressure. The inclusion of the mass in D is necessary when the
equations solve for the number density n instead of the density ρ . To compute the fluxes,
the wave speeds λ L,λ R,λ∗ must be computed. Several approaches to estimate the wave
speed (not necessarily coincident with the eigenvalues of the system) can be used; here,
the expressions of Davis [86] are used, given their simplicity and robustness due to the
more diffusive nature. Less diffusive wave speed estimates could be used [82], [87], at the
cost of sacrificing robustness and computational speed. The wave speeds are computed as

λ
L = min

(︁
uL −aL,uR −aR)︁ , λ

R = min
(︁
uL +aL,uR +aR)︁ . (4.21)

where aR,L =
√︁

γeT/m is the local sound speed. Once the left and right wave speeds are
obtained, the contact speed can be computed as:

λ∗ =
pR − pL +nLuL (︁λ L −uL)︁−nRuR (︁λ R −uR)︁

nL (λ L −uL)−nR (λ R −uR)
, (4.22)
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and finally, the contact pressure:

p∗ =
1
2
[︁
pL + pR +nL (︁

λ
L −uL)︁(︁

λ
∗−uL)︁+nR (︁

λ
R −uR)︁(︁

λ
∗−uR)︁]︁ . (4.23)

The numerical flux can now be calculated according to equation 4.19, with which the
discrete flux divergence ∆F

∆z = (Fi − Fi−1)/∆z can be computed, and the homogeneous
part of the system can be advanced in time.

4.2.3. Vacuum Tracking Scheme

A novelty of the code is the implementation of a vacuum tracking algorithm, which al-
lows for the integration of the 5-moment model in the presence of vacuum regions. This
scheme is based on the threshold-based algorithm of Subramaniam and Raja [88] and built
over the HLLC solver. The implementation of the scheme is detailed in section 5.2.3, as
part of the submitted article to the peer-reviewed journal Plasma Sources Science and
Technology. To avoid repetitions, the algorithm is not reported here, and the reader is
referred to Chapter 5.

4.2.4. Time Integration

Conservation laws can generally be integrated in an unsplit way, advancing in time the
semi-discrete formulation of equation 4.14:

∂U
∂ t

=−∆F
∆z

− ∆G
∆y

+S (4.24)

where S is the generic source term vector and ∆F
∆z ,

∆G
∆y the discrete divergence of the nu-

merical fluxes computed as shown in the previous section. In the code, time integration
is treated explicitly, which makes the Euler-Poisson system unconditionally unstable as
shown by Fabre [89]. This instability is stronger at larger plasma densities, and at the
typical HET densities (≈ 1×1018 m−3) the solution is destroyed in the order of microsec-
onds; at lower densities the instability does not seem to appear in the time scales of in-
terest (≈ 1× 10−4 s). According to Fabre, the system of equations is unconditionally
stable if the Poisson equation is solved implicitly in time (instead of appearing explicitly
in the momentum equations), which would result in much larger computational complex-
ity. Following Reboul et al. [90], fractional-step methods can be used to obtain a stable
system without the computational cost of the full implicit treatment. In such methods, the
system of equations is split into a hyperbolic homogeneous system

∂U
∂ t

+
∆F
∆z

+
∆G
∆y

= 0, (4.25)

and a system of ordinary differential equations

∂U
∂ t

= S. (4.26)
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The two systems are advanced in time one after the other, giving freedom to use different
methods (e.g. in case of stiff source terms). Reboul et al. suggest computing the elec-
trostatic potential with the Poisson equation between the convective ( 4.25) and source
terms ( 4.26) steps. The code allows to use of the Strang splitting [91] or the simpler bal-
anced splitting of Wu et al. [92]. While both splitting methods are second-order accurate
in time, the latter one does not suffer from the famous steady state splitting error of the
Strang splitting. Nevertheless, the integration algorithm is here explicitly reported for the
more standard Strang splitting:

1. Advance the source terms sub-step of ∆t/2

2. Advance the convection terms sub-step of ∆t

3. Compute φ from the Poisson equation

4. Advance the source terms sub-step of ∆t/2

Regardless of the splitting scheme, the equations are integrated using explicit time-
stepping methods. Runge-Kutta (RK) methods of order 2, 3 and 4 can be selected, as well
as the stabilised Runge-Kutta-Chebyshev (RKC) method. Usually, the Strong-Stability-
Preserving third order Runge-Kutta (SSP-RK3) [93] provides a good compromise be-
tween stability, accuracy and computational speed. If the source terms are particularly
stiff, the second-order, s-stage RKC method can be used to increase the stability region
along the negative real axis [94].

In the code, all the integration subroutines (one for each method) share the same
header structure. This allows for the selection of the integration scheme by simply as-
signing the appropriate procedural pointer to the desired method.

Time-step and cell size selection Besides the Euler-Poisson instability, the physics of
the problem and the nature of the equations impose stringent requirements on the spatial
and temporal scales. To correctly resolve non-neutral effects, the mesh size must be
smaller than the Debye length λd , so that:

∆z,∆y < λd =

√︃
ε0eTe

nee2 . (4.27)

The size of the cells directly affects the integration time-step, since the Courant-Friedrichs-
Lewy (CFL) condition is computed taking into account the fastest wave-speed in the sys-
tem. Accounting for the two dimensions solved by the model, the time step must satisfy:

∆tc = CFL×min
(︃

∆z
maxΩ(ρz)

,
∆y

maxΩ(ρy)

)︃
, (4.28)

with Ω the computational domain, ∆z,∆y the mesh size and ρz,y = max{|λ1|, ..., |λn|} the
spectral radius of the flux Jacobian of the electron system in the two directions (in these
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plasmas, ions timescales are usually much larger than the ones of electrons).
Moreover, the proper resolution of the plasma time-scales requires the time-step to be

smaller than the plasma frequency ωp and the electron cyclotron frequency ωce:

ωp =

√︄
nee2

meε0
, ωce =

eB
me

(4.29)

with B the magnetic field. In certain magnetised plasmas, ωp ≈ ωce and the time-step

constraint is given by the upper-hybrid frequency ωuh =
√︂

ω2
p +ω2

ce. The complete time-
step criterion is thus given by:

∆t ≤ min
(︃

∆tc,0.2
2π

ωuh

)︃
(4.30)

where the factor 0.2 is introduced to ensure numerical stability, although usually the CFL
condition for electrons is much more restrictive than the upper-hybrid frequency. When
launching a simulation, the time-step can be kept fixed or updated explicitly at each iter-
ation following equation (4.30); typically, the simulations are run with CFL=0.7.

4.3. Code structure

In this section, the main features of the code are presented. The finite volume code is
written in Fortran, except for the input generation, which is handled by Python classes,
and it is composed of a main program and 12 modules, which are hereby briefly described:

• Main program: It is the core of the code where the MPI environment is initialised.

• DataType module: It contains all the data structures, abstract interfaces and con-
stants used by the code; it is accessed by every other module.

• Math module: It contains all the subroutines responsible for computing finite dif-
ferences, interpolation and printing tools for debugging purposes.

• Post module: It contains all the subroutines linked to parallel HDF5, reading the
SimState and creating and writing to the PostData output file.

• Algorithm module: It is called by the main module and encloses all the operations
performed by the code and the actual algorithm to solve the equations.

• Mesh module: It is responsible for performing the MPI domain decomposition,
computing the local and global computational and physical coordinates.

• Boundary module: Here, the MPI communications (HALO exchange) are per-
formed, and the MPI-specific derived data types are defined. The module also
contains subroutines for the imposition of appropriate boundary conditions on the
external boundary of each local domain patch.
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• Initialisation module: Here, all the data structures are allocated, the procedural
pointers are assigned, and the sparse matrix for the Poisson equation is created.

• Fluid BCs module: This module contains all the boundary conditions for the fluid
equations. Every subroutine shares the main header, so that different BCs can be
selected by simply associating a pointer.

• Collision module: Here, the collision operators are calculated, as well as the timestep
estimation.

• Fluid Equation module: This module contains the subroutines computing the
semidiscrete version of the equations, fluxes and source terms.

• Finite Volume module: The module contains all the approximate Riemann solvers,
reconstruction schemes and slope limiters.

• Integration module: The main Runge-Kutta integrators are contained in this mod-
ule, as well as the Poisson resolution subroutines.

Additional external libraries are required, such as the direct solver MUMPS [95] and its
dependencies and parallel HDF5; the code is compiled using Intel Fortran and uses the im-
plementation of BLAS and SCALAPACK contained in Intel Math Kernel Library (MKL).
To guarantee flexibility and modularity without sacrificing computational efficiency, the
code relies heavily on procedural pointers for the selection of integrators, finite volume
schemes, boundary conditions and fluid equations: at run time, the various pointers are
associated at the beginning of the algorithm, thus avoiding excessive conditional state-
ments in the main loops and the associated conditional branching. Moreover, the strict
definition of abstract interfaces for the pointers forces consistency in the definition of
subroutine headers, keeping the code easy to modify and expand.

4.3.1. MPI Domain-Decomposition

The code is parallelised using the Message Passing Interface (MPI) to implement 2D do-
main decomposition. At run-time, the number of MPI processes is specified, the processes
are then organised in a 2D Cartesian topology, and the computational domain is divided
into equal blocks to ensure load balancing. The integration of the fluid equations requires
communication between the various blocks, which is performed by defining a halo region
in each subdomain. The depth of the halo region can be selected at run-time based on
the order of the FVM scheme (e.g for the 2nd order MUSCL scheme a depth of 2 cells
is needed), and an appropriate MPI derived datatype is created based on the geometry,
depth and number of equations (thus the number of variables per cell) using subarrays.
The actual communication is performed using send_recv by populating a structure defin-
ing boundary cells for each side of the subdomain: in the case of an external boundary,
no communication is performed, and the appropriate boundary conditions are imposed.
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The boundary structure is then added to each subdomain as a halo region, regardless of
the type of boundary (internal or external). Communication is performed at each stage of
the Runge-Kutta integrator for the convection part of the equations, whereas it is usually
not necessary for the source terms subsystem.

Future works include the optimisation of the halo exchange subroutines to further
reduce the communication time, allowing for a better scalability of the code in high-
performance computing (HPC) facilities.

4.3.2. Poisson integration

In each iteration, the electric potential φ is computed by solving the 2D Poisson equation.
The elliptic equation is discretised using the classic finite-difference 5-point stencil:

φi+1, j −2φi, j +φi−1, j

∆y2 +
φi, j+1 −2φi, j +φi, j−1

∆z2 =
e
(︂

ne
i, j −ni

i, j

)︂
ε0

. (4.31)

The matrix coefficients are computed in the initialisation module in a sparse formula-
tion. Due to the 2D block domain decomposition, the coefficients are computed follow-
ing a local indexing in each MPI process to guarantee optimal partitioning and reduce the
communication traffic. The sparsity pattern of the matrix on a 4x4 matrix is reported in
Fig. 4.3 along with the partitioning into 4 MPI processes. The sparse matrix is stored in
the COO (coordinate) format and passed to the direct linear solver library MUMPS. Being
the coefficients constant, the factorisation of the matrix is performed only once during the
initialisation phase. In each iteration of the algorithm, the right-hand side of equation 4.31
is updated and the backsubstitution step is performed.

4.3.3. Input and Output handling

Here, the input generation and output file creation are briefly described. Before running
any simulation, proper initialisation has to be performed. The input generation starts
by appropriately modifying the input_file.txt, which contains all the parameters that can
currently be set in the code. The input file is rather generic, allowing for the specification
of numerical integration, boundary conditions and equations to solve for each one of
the three populations (electrons, ions and neutrals), as well as volumetric source terms,
collisional processes, initial conditions and parameters related to the fields (boundary
conditions for Poisson and magnetic field profiles). By calling the input_generation.py
script, the input text file is imported in Python, where a class is created and populated
with all the specified parameters. The simulation folders are generated, and based on the
specified flags, previous simulation results can be interpolated and set as initial conditions.
The initial conditions, along with all the simulation parameters, are saved in an HDF5 file
created by the Python class called SimState.h5.

Once the simulation has been launched, the Fortran code reads the SimState.h5 with
appropriate subroutines in the Post module used as wrappers for the functions of the
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Figure 4.3: Sparsity pattern of the 5-point stencil on a 4x4 domain decomposed in 4 MPI
processes.

parallel HDF5 library. The input parameters are stored in the SimParams data structure,
and the output file PostData.h5 is generated using parallel MPI access. The output file
is created to be self-consistent, containing all the information necessary to run or re-
initialise a simulation. At the beginning of the simulation, the whole PostData file is
created following the same structure as the SimState. As the algorithm runs, the variables
of interest are written in parallel at every time interval ∆tsave specified in the input file.

4.4. Code validation

In this section, the finite volume solver of the code is validated with classic CFD test
cases for the Euler equations. To evaluate the performance of the code, some of the cases
reported by Liska and Wendroff [96] and Schulz-Rinne et al. [97] have been reproduced,
both in 1D and 2D. The HLLC scheme with piecewise-linear MUSCL reconstruction and
minmod limiter has been used in all the tests.

4.4.1. 1D Tests

Here, several 1D Riemann problems proposed originally by Toro [77] and reproduced by
Liska and Wendroff [96] are presented. To perform these tests, the 2D code is used in
quasi-1D mode by imposing periodic conditions and using a small number of cells in the
y direction. The 2D code is directly compared with the exact solution of the Riemann
problem using the NUMERICA exact Riemann solver developed by Toro [98]. The initial
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Table 4.2: Initialisation parameters for the 1D Riemann problems. The initial states are
divided into left and right semidomains, z0 is the location of the interface at the initial
time. The last column reports the time at which the solution is computed. Data taken
from[96].

Test
Left Right

z0 Time
p n uz p n uz

1 1.0 1.0 0.75 0.1 0.125 0.0 0.3 0.2
2 0.4 1.0 -2.0 0.4 1.0 2.0 0.5 0.15
3 1000 1.0 -19.59745 0.01 1.0 -19.59745 0.8 0.012
4 460.894 5.99924 19.5975 46.095 5.99924 -6.19633 0.4 0.035
5 1.0 1.4 0.0 1 1.0 0.0 0.5 2.0
6 1.0 1.4 0.1 1 1.0 0.1 0.5 2.0

Table 4.3: Relative L1 errors in percentage with respect to the exact solution obtained with
NUMERICA. For Test 2, the error refers to the internal energy. For all the other cases, the
error is computed on the density.

Test 1 2 3 4 5 6
L1 [%] 1.58 20.9 2.16 3.02 0.0 0.56

conditions for the problems are reported in Tab. 4.2; a computational domain of z ∈ (0,1)
and a polytropic index γ = 1.4 are used in all the tests. The domain is discretised in
100 cells in all cases, except for Test 3 and Test 4, for which 200 cells are used; the
exact solution with NUMERICA is evaluated over 1000 points. The L1 relative error of
the solution with respect to the exact Riemann solver is computed for every testcase,
considering the density n as variable of interest, except for Test 2, for which the internal
energy Te/(γ −1) is used; the results are reported in Tab. 4.3 as percentages. Compared
with the results reported in [96], the code appears to be in line with the other numerical
schemes. The two extremes are Test 3 (3a in Liska), which is resolved particularly well,
and Test 2, which presents a significant error in the internal energy (although in line
with other schemes). Test 5 demonstrates the capability of the HLLC to exactly resolve
contact discontinuities (the accuracy is slightly degraded in slow-moving contacts, Test
6). The comparison of relevant magnitudes between the computed and exact solution (red
markers and solid line, respectively) is shown in Fig. 4.4 for Test 2, Test 3 and Test 4.
As mentioned before, the largest error is produced in the approximation of the internal
energy in Test 2, which is renowned to be a difficult problem due to the formation of near-
vacuum regions. On the other hand, the code resolves almost exactly the non-isolated
contact discontinuity of Test 3 (located at z = 0.8), but excessively diffuses the slow-
moving contact of Test 4 (located at z = 0.7). In general, the solutions of the various tests
compare well with those reported by Toro [77], taking into account the 2nd order MUSCL
reconstruction hereby implemented.
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Figure 4.4: Computed (red markers) and exact solution (solid line) of some variables of
interest for Test 2, Test 3 and Test 4.
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4.4.2. 2D Tests

From the 2D tests described by Liska and Wendroff, four Riemann problems and the
Noh implosion are here reproduced. The main parameters of the 2D Riemann problems
are reported in Tab. 4.4, defining density, pressure and velocities of the initial state in
the four left/right-upper/lower quadrants of the computational domain. Consistent with
the review paper, the simulations are performed in a domain (z,y) ∈ (0,1)× (0,1) with
400× 400 cells and a polytropic index of γ = 1.4. The results are presented in Fig. 4.5
as subplots corresponding to Cases 3, 4, 12, and 15, showing 2D contour plots of the
density and velocity field overlaid on the pressure map. The number of contours for each
specific case is reported in the caption of the figure. Precisely assessing the quality of the
results is not possible, as the exact solution of these 2D Riemann problems is not known.
However, visual comparison with the results reported in [96] and [97], obtained with the
same contour levels, shows good agreement of the solutions.

Table 4.4: Initialisation parameters for the cases shown in Fig. 4.5. The initial states are
divided into left and right quadrants, with the first and second rows corresponding to the
top and bottom quadrants, respectively. The last column reports the time at which the
plots are shown. Data taken from Liska and Wndroff [96].

Case
Left Right

Time
p n uz uy p n uz uy

3
0.3 0.5323 1.206 0.0 1.5 1.5 0.0 0.0

0.3
0.029 0.138 1.206 1.206 0.3 0.5323 0.0 1.206

4
0.35 0.5065 0.8939 0.0 1.1 1.1 0.0 0.0

0.25
1.1 1.1 0.8939 0.8939 0.35 0.5065 0.0 0.8939

12
1.0 1.0 0.7276 0.0 0.4 0.5313 0.0 0.0

0.25
1.0 0.8 0.0 0.0 1.0 1.0 0.0 0.7276

15
0.4 0.5197 -0.6259 -0.3 1.0 1.0 0.1 -0.3

0.2
0.4 0.8 0.1 -0.3 0.4 0.5313 0.1 0.4276

In addition to the 2D Riemann problems, the Noh implosion test case is shown in
Fig. 4.6. This test case considers an ideal gas with γ = 5/3, for which it admits an analyti-
cal solution. The domain is initialised with a uniform density n= 1, a pressure of 1×10−6

and velocities directed towards the lower left corner with magnitude u2+v2 = 1. The left
and bottom boundaries are reflective (i.e. a frictionless wall), whereas on the other bound-
aries, the exact solution as a function of time is applied. The solution consists of a circular
shock of infinite strength reflecting from the origin (i.e. lower left corner), propagating
with a velocity of 1/3. Behind the shock, the density is 16 and the velocity 0, whereas
in front of the shock the density is n = 1+ t(x2 + y2)−0.5, with t the time. The presence
of the strong shock makes the Noh implosion a difficult test for numerical solvers (e.g
half of the solvers in [96] fail the test). The numerical solution of the testcase at t = 2

69



4.4. Code validation

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
Case 3

0.25

0.50

0.75

1.00

1.25

1.50

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
Case 4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
Case 12

0.50

0.75

1.00

1.25

1.50

1.75

2.00

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
Case 15

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Figure 4.5: Numerical solution of the 2D Riemann problems of table 4.4. For each case,
contour lines of the density and velocity (arrows) field are overlaid on the pressure map.
The number of contour lines for each case is here reported as minimum, maximum and
number of contours: Case 3 (0.16, 1.71, 32), Case 4 (0.52,1.92,29), Case 12 (0.51,1.7,30)
and Case 15 (0.43, 0.99, 29).

is shown in Fig. 4.6. The finite volume solver successfully reproduces the test, capturing
the correct shock position and the density behind it, although strong oscillations can be
observed when the shock is aligned with the mesh. This phenomenon is consistent with
the problem of the carbuncle instability, which is known to affect many solvers in the
presence of strong shocks [99]. Several fixes have been proposed [100]–[102] to solve
the carbuncle instability. However, in the present version of the code, no technique has
been implemented yet, and it is left as a topic of future developments.
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Figure 4.6: Density map of the Noh implosion at t = 2 overlaid by a total of 23 density
contours (2.5 to 4 with step 0.25 and 14 to 17 with step 0.2), and by the velocity field
arrows.
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CHAPTER 5

Full-fluid Modelling of Rotating Plasma Instabilities in
Penning-like Configurations

This chapter reproduces the contents submitted by the author to the peer-reviewed
journal Plasma Sources Science and Technology. The typography has been adapted
to the style of this thesis.

Abstract

A novel time-dependent full-fluid 2D model of E ×B discharges is presented.
The model is based on the finite volume method with the addition of a threshold-
based vacuum tracking algorithm. These tracking capabilities enable unprecedented
fluid simulations of E ×B plasma instabilities with near-vacuum regions. Two test
cases are presented: the plasma layer (a semi-periodic domain resembling a hollow
beam) and a square cross-section Penning-like discharge. In the two cases, an elec-
tron beam is injected into a background of neutrals, and ions are solely produced by
impact ionisation. In both geometries, the simulations are performed from the limit
of a pure electron plasma to a quasineutral plasma by increasing the background
neutral density, showing a distinct transition from diocotron modes at low pressures
to rotating spokes at high pressures. In line with theoretical and experimental re-
sults, the saturated regime of the diocotron mode results in the formation of electron
vortices. The structure of the discharge in the different regimes is analysed, and the
main spoke characteristics are assessed. In the square Penning configuration, the
discharge transitions from vortices to the long-wavelength m = 1 rotating spoke. Fi-
nally, a variation of the square configuration is used to demonstrate the onset of the
short-wavelength spiral structure observed in particle-in-cell simulations.

72



5.1. Introduction

5.1. Introduction

Since the last century, E ×B devices have been widely used in industrial and space ap-
plications for their capability of sustaining plasma discharges at low pressures: the per-
pendicular electric and magnetic fields increase the residence time of electrons, allowing
for efficient impact ionisation of the neutral gas [1]–[3]. The first observation of E ×B
discharges dates back to the end of the 19th century with the experiments of Philips [4]
on the effects of magnetic fields on the afterglow of discharges. The phenomenon was
further studied by Strutt [5] and Wehrli [6], but the first application of E ×B devices was
obtained in 1930’s by Penning [7], showing how the discharge can be used as a pressure
gauge, commercialised as Penning Ionisation Gauge (PIG), being the discharge current
proportional to the pressure. From this point on, the Penning discharge (or reflex dis-
charge) gained popularity, and many experiments have been conducted in a large variety
of regimes [8], proving the capabilities of sustaining plasma discharges at extremely low
pressures. The concept of E ×B confinement was then extended to many types of de-
vices, such as ion pumps, magnetrons (cylindrical and planar)[1], and Hall Effect thrusters
(HETs) [103], covering a multitude of applications from material processing to in-space
propulsion.

A usually undesirable feature of E ×B plasmas is the inherent weakening of the mag-
netic confinement of electrons as a result of the onset of a wide range of instabilities [24],
[25]. Plasma instabilities are deemed responsible for the enhanced cross-field transport
of electrons, resulting in the loss of performance and efficiency of such devices. Abun-
dant experimental evidence has demonstrated the onset of instabilities in the vast op-
erational regimes of Penning discharges, spanning from high-frequency oscillations to
low-frequency coherent structures [8]. While the first ones can be attributed to the growth
of diocotron modes [9] in non-neutral plasmas at low pressure, the latter ones have been
associated with the long-wavelength Simon-Hoh instability [104], [105]. In particular,
Thomassen [10] suggested that the low-frequency modes are responsible for the observed
anomalous cross-field diffusion in such regimes.

Improvements in computational capabilities have enabled more accurate simulations
of E ×B plasmas, and particular effort has been put by the low-temperature plasma com-
munity into the analysis of rotating instabilities in magnetrons [106]–[108], HETs [19]
and Penning discharges, although the latter ones are limited to the high-pressure and low-
magnetic-field regime. Penning discharges and magnetised plasma columns, in general,
result in much simpler numerical models than HETs and magnetrons. They are usually
approximated as a 2D slice of an infinitely long device, allowing to neglect of the (al-
beit important) dynamics along the magnetic field. Following the work of Carlsson et
al. [109], which performed particle-in-cell (PIC) simulations of a simplified Penning dis-
charge geometry, several authors simulated rotating structures with kinetic codes. Slight
variations of the set-up of Carlsson et al. enabled to recover the m = 1 spoke [110], [111],
as well as m > 1 structures [112], [113]. A recent work from Tyushev et al. [114] showed
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the transition from one mode to the other as a function of the magnetic field and, for
some parameters, the coexistence of both short and long wavelength instabilities. The
onset of the long wavelength structures is commonly attributed, according to local linear
fluid theory, to the modified, collisionless Simon-Hoh instability [115] (MSHI), for which
the condition ∇ne · E > 0 with ne the electron density and E the electric field, has to be
met (resulting in an ion-confining potential). In contrast, the smaller-scale structures are
associated with drift-resistive instabilities [112], [114].

In general, PIC simulations can accurately reproduce a large amount of physics, thanks
to the resolution of kinetic effects and arbitrary velocity distribution functions (VDFs);
however, the phenomenological extrapolation can be extremely complicated, due to the
lack of intuitive physical meaning of what is being observed. On the other hand, fluid
models deal directly with macroscopic quantities and transport equations, allowing for
better quantification of the effects of the single terms, at the cost of being limited to
quasi-Maxwellian VDFs and neglecting kinetic effects.

Fluid simulations of a Penning-type geometry have been performed by Mansour and
Hara [116], in particular in a configuration conceptually similar to that of Lucken et
al. [113], except for the absence of collisions. While their results show the development
of rotating structures, the potential well necessary for the m = 1 spoke is not obtained,
and the m > 1 structures appear to be less fine than the ones observed in PIC simulations,
probably due to the lack of collisions and the use of a too diffusive numerical scheme. In
general, fluid models struggle with the setup of Carlsson et al. due to the strongly negative
potential, especially during the transient, resulting from the injection of a net current (i.e.
more electrons than ions): the destabilisation of the column suddenly generates strong
vacuum states while the ion density at the boundary reaches extremely low values due to
the confining potential. As a result, to the authors’ knowledge, there is currently no fluid
model capable of simulating the setup of the Penning discharge in the long-wavelength
regime.

In this article, a novel, 2D, non-neutral, full-fluid model of E ×B discharges is pre-
sented and applied to two simplified geometries: the plasma layer and the standard config-
uration of the Penning discharge. The model relies on a threshold-based vacuum tracking
algorithm to handle near-vacuum states and expand the electron and ion population in
a perfect vacuum. In both geometries, the effect of background neutral pressure is ex-
plored, analysing the limit of extremely low pressure where the onset of diocotron modes
is observed [9], [117], [118], consistent with experimental evidence, and the transition to
a spoke regime at larger neutral densities. Moreover, in the Penning discharge, the m = 1
spoke satisfying the modified Simon-Hoh condition is obtained, and differences with the
PIC results in the literature are commented on. Finally, the short-wavelength spiral struc-
ture observed in the Penning discharge is recovered for a slightly different configuration.

The rest of the article is organised as follows. Section 5.2 describes the test case geom-
etry and the set of transport equations, with section 5.2.2 detailing the numerical scheme
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and the vacuum tracking algorithm. The results are reported in sections 5.3 and 5.4 for
the plasma layer and Penning discharge, respectively.

5.2. Discharge Model

In this section, the fluid model of the plasma discharge and the numerical techniques used
for the solution are discussed. All the simulations in this work have been carried out with
argon as the working gas.

5.2.1. Fluid Model

The plasma discharge is modelled with a 5-moment full-fluid approximation, using a non-
neutral Finite Volume Method (FVM) 2D2V code. The macroscopic transport equations
are solved for the electron and ion populations, whereas the neutrals are kept as a constant
and uniform background of density nn. Only the out-of-plane component of the magnetic
field B is considered, and all the gradients in such direction are neglected. The effects of
the magnetic field are considered for both ions and electrons, although only the latter ones
are strongly magnetised, whereas the ions can be considered unmagnetised. The system
of equations, expressed in the conservative formulation, reads:

∂ne

∂ t
+∇ · (neue) = Sp +SB, (5.1)

∂neue

∂ t
+∇ · (neueue) =−∇pe

me
+

ene

me
(∇φ −ue × B)−neuennRen, (5.2)

∂Ee

∂ t
+∇ · [(Ee + pe)ue] = eneue ·∇φ +

3
2

SBTeB −SpEinel, (5.3)

∂ni

∂ t
+∇ · (niui) = Sp, (5.4)

∂niui

∂ t
+∇ · (niuiui) =−∇pi

mi
− eni

mi
(∇φ −ui × B)−niuinnRcex, (5.5)

∂Ei

∂ t
+∇ · [(Ei + pi)ui] =−eniui ·∇φ +

3
2

SpTn −nnRcex(Ei −
3
2

niTn), (5.6)

∇
2
φ =

e
ε0

(ne −ni) , (5.7)

where most symbols are standard for fluid magnitudes and E =
(︁3

2T + 1
2mu2)︁n represents

the total energy with adiabatic index 5/3. In addition, Sp = nennRp(Te) is the production
rate due to ionisation and SB the volumetric source term for the injected electron beam.
The electron beam is injected with zero velocity, so that only the internal energy of the
beam 3

2SBTeB contributes positively to the electron total energy, whereas inelastic losses,
SpEinel , represent a sink term. For both ions and electrons, only the scalar isotropic pres-
sures, pi and pe, are considered, and the conductive heat flux is neglected. It is important
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to note that by assuming an isotropic scalar pressure, the gyroviscosity, which can par-
tially compensate inertial effects, is neglected. This assumption is a limitation of the
5-moment model. Ions are subject to charge exchange collisions with neutrals, while
electrons perform both inelastic and elastic collisions. Coulomb collisions have not been
included, as they are negligible compared to the electron-neutral ones. Collisional rates
for ions and electrons Rcex,Ren and Rp are obtained from experimental cross-sections,
assuming a Maxwellian distribution over a wide range of temperatures. The resulting col-
lisional rates are supplied to the code as lookup tables and interpolated at each timestep.
The cross-sections for ionisation and elastic collisions are obtained from LxCat [119]
from the Hayashi and COP [120] databases, while the charge exchange cross-sections are
from Sakabe and Izawa [121]. The effective inelastic energy loss Einel , accounting for
both ionisation and excitation is expressed as a fit to the expression derived by Dugan et
al. [122] and proposed by Fife[58]:

Einel = (1.75+0.188 exp(0.624 Ei/Te))Ei, (5.8)

with Ei =15.76 eV the ionisaition energy for argon. In this work, no artificial augmenta-
tion of the vacuum permittivity ε0 has been used.

5.2.2. Code description

The system of hyperbolic equations is solved using a 2D Cartesian FVM. The spatial
discretisation is performed with a 2nd order MUSCL scheme with minmod [76] slope
limiter using primitive variable reconstruction, and the numerical flux is computed with
the HLLC approximate Riemann solver [83]. The electron and ion systems are treated
separately but coupled through the Poisson equation. To satisfy the stability criterion of
the Euler-Poisson system[89], [90], the equations cannot be trivially advanced in time
explicitly, as the system is unconditionally unstable. To overcome this issue, a fractional
step method is used to advance separately the homogeneous and the source part of the bal-
ance laws. In particular, the second-order accurate Strang splitting scheme is used [91],
computing the new potential between the convective and source term steps. The advanc-
ing algorithm for a time increment ∆t is the following:

1. The collision frequencies are interpolated.

2. The source terms are advanced of 0.5∆t.

3. The homogeneous system is advanced of ∆t.

4. The Poisson equation is solved with the new densities.

5. The source terms are advanced of 0.5∆t.
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The temporal integration is performed with the 3rd order Strong-Stability-Preserving
Runge-Kutta (SSP-RK3) [93] and the Poisson equation is solved using a 5-point finite-
difference stencil with the direct solver MUMPS [95]. The algorithm uses an adaptive
time-step, meaning that in every iteration, the time-step is computed to satisfy the con-
vective CFL constraint dictated by the largest eigenvalue of the electron system

∆tc = CFL×min
(︃

∆z
maxΩ(ρz)

,
∆y

maxΩ(ρy)

)︃
, (5.9)

with Ω the computational domain, ∆z,∆y the mesh size and ρz,y = max{|λ1|, ..., |λn|} the
spectral radius of the flux Jacobian of the electron system in the two directions; a value of
CFL=0.7 is typically used. Moreover, to ensure the plasma stability, the time-step must
resolve the upper-hybrid frequency ωuh =

√︂
ω2

pe +ω2
ce, with ωpe and ωce the plasma and

electron cyclotron frequency, respectively. The time-step is thus computed according to:

∆t ≤ min
(︃

∆tc,0.2
2π

ωuh

)︃
(5.10)

where the factor 0.2 has been introduced to ensure numerical stability. To further reduce
the computational time, the code is parallelised using domain decomposition with the
MPI standard.

5.2.3. Vacuum scheme

As mentioned in the introduction, Penning-like geometries are particularly difficult to
solve with a standard FVM code: the strong magnetisation of the electrons, coupled with
a negative potential well confining the ions and the onset of instabilities, generates near
vacuum states (i.e. regions of very low density). In general, approximate Riemann solver
algorithms do not handle well the sudden generation of vacuum, mostly due to a failure
in the linearisation of the problem near such points (see page 327 of reference [LeVeque
[76]]), resulting in the occurrence of negative density or pressure. Positive-pressure pre-
serving [82] solvers ensure the positivity of density and pressure under certain conditions;
however, when the equations are not homogeneous (thus including Lorentz force, ionisa-
tion, volumetric sources and sinks), such conditions no longer hold, and positivity is not
always enforced. To circumvent the problem, the vacuum tracking algorithm has been
implemented.

The first vacuum tracking algorithm was proposed by Munz [123] as a sub-cell res-
olution tracking of the interface of a single fluid with vacuum in 1D. The scheme has
been developed to remove the need to assume a low background density to approximate
the expansion in vacuum of the Euler equations, which is known to produce a strong un-
physical shock. It can be demonstrated (see page 139 of reference [Toro [77]]) that the
correct solution of the Riemann problem with vacuum consists of a contact discontinuity
coincident with the tail of a rarefaction wave, and a shock wave is never admissible. The
scheme uses the exact solution of the Riemann problem of a free expansion into vacuum

77



5.2. Discharge Model

Figure 5.1: Representation of the threshold-based approach for the classification of the
cells in the vacuum scheme. In this scheme, red corresponds to filled cells, green to
transition and blue to vacuum ones.

for a generic gas with adiabatic index γ . In this case, the speed of the contact discontinu-
ity, which coincides with the velocity of propagation of the fluid-vacuum front, is found
to be

wvac = u± 2a
γ −1

, (5.11)

with u the normal velocity just before the vacuum interface, agas the gas sound speed at
the same location, and the ± depends on the location of the vacuum state (i.e, right or
left). In this work, the fluid-vacuum front speed is computed for both ions and electrons.

While Munz used this information to track the movement of the front at the sub-
cell level, this becomes very cumbersome in 2D, and the scheme of Subramaniam and
Raja [88] has been used here. In their algorithm, a threshold-based approach is used
where the domain is split into three types of cells, as shown in Fig. 5.1, based on the local
value of the density n of each charged population (i.e. electrons and ions):

cell state =

⎧⎪⎪⎨⎪⎪⎩
filled, if n ≥ ε ,

transition, if 0 < n < ε ,

vacuum, if n = 0.

(5.12)

At every step, the local density is checked, and the cells are stored in the three states.
When two or more filled cells are adjacent, the standard HLLC algorithm is applied,
whereas when a filled cell communicates with a vacuum one, the numerical flux func-
tion is modified by using the vacuum front wave-speed wvac in the approximate Riemann

78



5.3. Plasma Layer Case

solver. Once a cell starts getting filled, it moves to the transition category. The fluxes
between transition and filled cells are again computed using the classic HLLC solver. To
avoid positivity violations due to low densities, transition cells are not allowed to ex-
change fluxes with each other, thus limiting the expansion in very low-density regions.
As for the sources, the injection terms are allowed in every state, whereas the application
of forces and collisional processes is limited to filled cells. By doing this, the variables
in the transition cells are effectively frozen to avoid failure due to low density and, at the
same time, ensure global conservation.

The threshold value ε needs to be tuned to the specific scenario, and it should be
chosen large enough to ensure positivity during the strong vacuum generations behind
rotating structures and small enough not to severely affect the solution. Several values of
ε have been tested, spanning various orders of magnitude and the one that has been found
to ensure successful simulation of all the cases presented here is ε =2×109 m−3.

A 1D test case highlighting the difference in solutions between standard methods and
the vacuum scheme is reported in Appendix 5.A.

5.2.4. Wall boundary conditions

In all the geometries simulated in this work, the plasma is bounded by metallic walls
where secondary electron emission has been neglected. Absorbing boundary conditions
are known to be difficult for fluid models due to the kinetic nature of the plasma sheath [29],
[39], [62], [90]. In this work, given the necessity of resolving both electron-attracting and
electron-repelling sheaths, coupled with the possible formation of vacuum states at the
walls, the vacuum sheath proposed by Cagas et al. [62] has been used. The condition is
based on the assumption that all the plasma variables vanish inside the wall. When us-
ing the vacuum scheme, the condition is simplified even more to the mere imposition of
empty ghost-cells ⎡⎢⎢⎢⎣

n
nuz

nuy

E

⎤⎥⎥⎥⎦
α

ghost

=

⎡⎢⎢⎢⎣
0
0
0
0

⎤⎥⎥⎥⎦ , α = i,e. (5.13)

To avoid overestimating the fluxes at the wall, at the boundaries, the standard wave-speeds
u± a are used instead of Eq. (5.11). For the Poisson equation, φ = 0 is imposed at the
grounded wall interface.

5.3. Plasma Layer Case

The first geometry analysed consists of a planar semi-periodic domain, along the y direc-
tion with two grounded walls on the z direction, as schematically shown in Fig. 5.2. A thin
uniform electron beam of thickness h spanning the whole periodic direction is injected at
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Periodic

Figure 5.2: Plasma layer test case schematic. Electron beams are injected in the red
regions with current IeB and temperature TeB. Ions are solely produced by ionisation of
a uniform background of neutrals of density nn by impacting electrons. At initialisation,
the domain is empty. Walls are connected electrically to ground (i.e., φW = 0).

the centre of the domain, and a perpendicular uniform magnetic field is considered. The
injection is modelled as a volumetric source of electrons with a temperature TeB and zero
velocities, thus only contributing to the continuity and energy equations. Following the
notation of a preliminary work [124], this geometry is referred to as the plasma layer.
Even though the plasma layer does not directly represent a commonly used device, it
possesses interesting features:

• The electric field is antisymmetric with respect to the centre of the injection (z = 0).
As a result, the E ×B velocity changes sign, creating a shear layer inside the thin
electron beam.

• The E ×B direction is aligned with the y axis and the grid, simplifying the analysis
of the rotating structures.

• The absence of concave corners improves the numerical stability of the code.

Moreover, by choosing the periodic direction length Ly = πLz, the plasma layer represents
an opened version of a hollow beam between two coaxial walls, with the assumption of
negligible radial effects. The main simulation parameters are reported in Table 5.1

The following sections report the simulation results for the plasma layer at different
background density regimes

5.3.1. Low pressure regime - Electron vortices

Devices with E ×B configurations can sustain plasma discharge at extremely low pres-
sures. In these conditions, the electrons are usually strongly magnetised and their resi-
dence time is much larger than that of the few ions produced, which can easily escape
along the magnetic field lines, so that the discharge tends to a pure electron plasma [8].
The model presented in section 5.2.1 is purely 2D, considering a slice of an infinitely long
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Figure 5.3: Temporal evolution of the electron density in the diocotron instability and
vortex formation for a pure electron plasma for B=100 G, nn = 0.
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Table 5.1: Relevant simulation parameters for the plasma layer case.

Parameter Value Parameter Value
Ly 12.6 cm Lz 4 cm
h 4 mm IeB 5 mA

TeB 15 eV nn 0 - 1021 m−3

Tn 0.06 eV B 100 G
Cells y 644 Cells z 255

device, and thus neglects the motion of ions (and electrons) parallel to B. Nevertheless,
reducing the background neutral density to a low value effectively reduces the ionisation
source term Sp, and the ion population remains small compared to the electrons. In these
conditions, the discharge is effectively non-neutral, and it represents a common operat-
ing point of Penning discharges. Due to the excess of electrons, the discharge develops
a deep potential well and, because of the geometry, an antisymmetric electric field. The
magnetised electrons are dominated by the strong E ×B drift, which has opposite direc-
tions in the two half-domains along z, thus creating a strong azimuthal velocity shear.
The configuration of a thin electron shear layer is known to be unstable, as many exper-
iments have demonstrated [117], [118], [125]–[127], due to the onset of the diocotron
instability[128]–[130]. The diocotron mode behaves similarly to the Kelvin-Helmholtz
instability in fluids, where surface waves grow until they reach the non-linear regime and
the subsequent wave breaking. In the non-linear regime, the diocotron instability is re-
sponsible for the formation of isolated electron vortices. Kervalishvili [131], [132] carried
out extensive studies on the formation, dynamics, and interaction of electron vortices in
pure electron plasmas and low-pressure gas discharges. In particular, electron vortices
are associated with the periodic ejection of high-energy electrons to the cathode [132],
parallel to the magnetic field lines. A limit of the model in the present work is the absence
of the out-of-plane velocity necessary to observe such phenomena.

Figure 5.3 shows the time evolution for the limiting case nn = 0, resulting in a pure
electron plasma, at 100 G. In agreement with the theory of the diocotron instability, the
thin plasma shear layer is unstable, and surface waves start propagating at the edges of
the injected electron beam. The instability grows until the nonlinear phase is reached,
characterised by the production of electron vortices. The breakdown of the electron beam
in vortices is in perfect agreement with experimental observation of hollow and strip elec-
tron beams in axial magnetic fields, as it can be observed in Fig. 5.4 adapted from Cut-
ler [118]: the photographs of the electron beam impinging on a phosphor screen show
the formation of several electron vortices for different operating conditions. The number
of vortices is associated with the mode of the diocotron instability, which, for a large as-
pect ratio injection, tends to be larger than 1. The multiple vortices are interconnected by
spiral "arms", and they coalesce into larger structures, eventually decaying into a single
large vortex. The mutual interaction is responsible for the formation of filamentary tails
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Figure 5.4: Experimental photographs obtained using phosphor screens from Cut-
ler [118]. (Top) Formation of vortices due to instabilities in an electron strip beam. (Bot-
tom) Breakup of a hollow electron beam into vortices. Each set of photographs does not
represent a time sequence but different discharge conditions. Reproduced with permis-
sion of Journal of Applied Physics.
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Figure 5.5: Temporal evolution of diocotron instability and vortex formation for a pure
electron plasma at B=100 G with injection thickness h =1 mm.

as observed experimentally [133], which extend and form an electron background to the
central structure.

According to theoretical and experimental observations [117], [129], the mode num-
ber, and thus the number of vortices in which the beam breaks up, is dependent on the
aspect ratio of the beam, resulting in higher modes for smaller h/Ly. The increased mode
number is correctly captured by the model as shown in Fig. 5.5, where h is reduced from
4 to 1mm and the beam breaks up in 5 vortices. As for the case of Fig. 5.3, the vortices
merge into a single large structure.

Finally, it is worth mentioning the analogy observed by Levy [134] between magne-
tised pure electron plasmas and inviscid fluids in 2D. The two sets of equations describing
such systems are indeed isomorphic, where the fluid stream function maps to the Poisson
equation, and thus, the fluid vorticity maps to the (rescaled) electron density, that is

ζ = ∇
2
ψ ↔ ene

ε0
= ∇

2
φ , (5.14)

where ζ is the fluid vorticity and ψ the stream function. It is important to note that
the analogy remains valid as long as the out-of-plane dynamics is neglected, ensuring
that the electric field in that direction vanishes. Experimentally, vorticity in a fluid is not
directly measurable, whereas density is a central and tangible quantity in plasmas. Hence,
the mapping between ζ and ne allows for an easier analysis of the Kelvin-Helmholtz
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Figure 5.6: Instantaneous snapshots of ne for different background neutral densities at
B=100 G.

instability in 2D inviscid flows by the observation of the corresponding diocotron modes
in pure electron plasmas [117]. Here, the analogy is mentioned in relation to the abundant
numerical simulations [135], [136] of inviscid fluids, where the vorticity field behaves as
the density maps reported in Figs. 5.3 and 5.5. In particular, the evolution of the non-
linear phase of the diocotron modes can be explained by the theories of 2D turbulence
decay in fluids [137], where small vortices quickly merge into larger structures, subjected
to an inverse energy cascade.

5.3.2. High pressure regime - spoke transition

When the background neutral density is increased, ions are generated by impact ioni-
sation of the neutrals by the confined electrons, and the discharge is no longer a pure
electron plasma. A secondary, but no less important, effect of increasing the neutral den-
sity is the higher rate of elastic electron-neutral collisions, which allow the electrons to
move across the magnetic field lines and trigger resistive instabilities. In particular, a
distinct mode transition in the turbulent behaviour of the discharge has been observed
at larger pressures, associated with the formation of rotating spokes. Figure 5.6 shows
the instantaneous electron density distribution for different neutral densities at B =100 G.
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At intermediate neutral densities in the range 0 < nn ≤ 1019 m−3, the discharge retains
the vortex structures of the pure electron plasma, but the number of electron vortices in-
creases with the neutral density, and the discharge becomes more chaotic. In this regime,
the multiple vortices interact with each other, and new vortices are continuously formed
and dissipated. The structures move chaotically in both y and z directions, and the fila-
mentary tails of the vortices result in a diffuse density distribution. A third regime can be
observed for nn > 1019 m−3 where the discharge forms rotating spokes with m> 1 instead
of the large vortices observed at lower densities. The spokes move along the y direction
as rigid bodies with a velocity close to the ion sound-speed. Due to the antisymmetry
of the setup, the structures drift in opposite directions in the two semidomains along z,
preserving the shear layer around the electron injection.

The transition from vortices to spokes is also observed at 50 G, where the same gen-
eral trends observed at 100 G are still valid. A similar mode transition triggered by the
background pressure, from a vortex-dominated regime to coherent spokes, has been nu-
merically observed by Boeuf [108] with a 2D PIC simulation of a cylindrical magnetron,
showing a strong phenomenological consistency with the trends hereby described. More-
over, in the vast literature on Penning discharges of the past century, there is abundant
experimental evidence of strong mode transitions based on the mode of operation [1],
[8]. In particular, radio frequency oscillations are usually obtained at low pressures and
have been associated with the formation of diocotron modes [9], which, as shown in
section 5.3.1, lead to the formation of vortices. On the other hand, at higher pressures,
there are conditions for which the discharge presents low-frequency coherent oscillations.
Unfortunately, the simplified 2D geometry of the test case makes it difficult to compare
directly with the experimental results, mostly due to the lack of an imposed electric field
between anode and cathode which makes the dynamics aligned with B not negligible (in
these devices, the cathode is usually perpendicular to the magnetic field lines).

Averaged 1D profiles. Figure 5.7 depicts the variation of some time and azimuthally
averaged variables of interest at B =100 G for different values of the neutral density. Only
the positive half-domain is shown due to symmetry. Plot (a) depicts the distribution of
the electron density, which reflects the existence of the three distinct regimes: the large
vortex in the pure electron plasma (nn = 0) results in the largest average electron density,
whereas the diffuse distribution produced by the chaotic movement of the vortices for
nn = 1019 m−3 yields the smallest one; the other cases with nn >0 m−3 converge to an
average electron density n̄e ∼ 5×1013 m−3. The last point can be explained by observing
that the electron temperature T̄ e [plot (b)] decreases monotonically with nn due to the
increase of inelastic losses for excitation and ionisation, thus greatly reducing the plasma
production and preventing an increase of the plasma density in the domain. As expected,
the increase of the ion population has a strong effect on the electric potential profile, as
shown in plot (c), which goes from a deep potential well in the case of pure electron
plasma to slightly positive values at larger densities. In particular, the on-axis value of
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Figure 5.7: Azimuthally and time averaged profiles along z for different values of nn at
B =100 G. In plot (a), n̄e and n̄i are represented by a solid and dashed line, respectively.
Only the half-domain z ≥ 0 is shown.

87



5.3. Plasma Layer Case

φ̄ shows a non-monotonic behaviour with the neutral density, reaching the maximum for
nn ∼ 1020 m−3. The presence of the maximum can once again be related to the excessive
cooling of electrons at larger neutral densities.

Momentum balance. The electron momentum balance is reported here to analyse the
structure of the discharge in the different operating conditions. By averaging azimuthally
and in time all terms and using an overbar for averaged variables, the momentum equa-
tion (5.2) can be expressed formally as the force balance

0 = F̄ pr + F̄el + F̄mg + F̄co + F̄ in, (5.15)

with F̄ pr, F̄el , F̄mg, F̄co the pressure, electrostatic, magnetic, and collisional forces, re-
spectively, and F̄ in the (minus) temporal and convective inertia terms. These forces are
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Figure 5.8: Axial (left) and azimuthal (right) momentum balances averaged in time and
space (y direction) for the plasma layer at different background neutral densities. Note
that for the first plots, a different scale is used and only the half-domain z ≥ 0 is shown.

shown in Fig. 5.8 for different nn (only one half domain is shown due to symmetry), for
the z (left) and y (right) directions. By observing the force balance along z, the collisional
and inertial forces are negligible for all the values of neutral density. On the other hand,
it can be observed a distinct transition in the behaviour of the electric force F̄el , which
completely balances the magnetic force for nn = 0, becomes comparable to the pres-
sure force for nn = 1019 m−3 and is negligible for nn = 1020 m−3, where F̄ pr balances
F̄mg. When the neutral density is further increased, the electrostatic force in the sheath
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5.3. Plasma Layer Case

is comparable to the pressure force, consistent with the decrease of potential observed in
Fig. 5.7. Due to the presence of an electron-attracting sheath (in most cases), F̄ pr and
F̄el have the same sign and are balanced by the magnetic force, even in the sheath, being
the Debye length larger than the Larmor radius of electrons (i.e. these sheaths are mag-
netised). The azimuthal momentum balances [Fig. 5.8(right)] for nn ≥ 1019 m−3 show a
standard behaviour in E ×B discharges, where the electrostatic force mostly balances the
magnetic one. In the azimuthal momentum equation F̄el,y = ene∂φ/∂y is usually asso-
ciated with the "anomalous" contribution to cross-field transport [138], and it is different
from zero only when there is a correlation between the density and electric field fluctua-
tions. Here, the electrostatic force dominates over the collisional one, with the exception
made for the injection region of nn = 1021 m−3, indicating the predominant contribution
of instability-induced transport over classical mechanisms (i.e., collisions). On the other
hand, in the magnetised sheath, where the electrostatic force vanishes, the contribution of
inertia F̄ in,y ≃−me∂ (neuyeuze)/∂ z is dominant and balances the magnetic force. The im-
portance of inertia is highlighted even more by the case nn = 0 where it almost completely
balances the electrostatic force.

−2

0

2

z
[c

m
]

ne [1013m−3]

0.0 2.5 5.0 7.5 10.0 12.5
y [cm]

−2

0

2

z
[c

m
]

Ey [V/cm]

2.5

5.0

−2.5

0.0

2.5

nn = 1020m−3 at t =2.0µs

−2

0

2

z
[c

m
]

ne [1013m−3]

0.0 2.5 5.0 7.5 10.0 12.5
y [cm]

−2

0

2

z
[c

m
]

Ey [V/cm]

2.5

5.0

7.5

−2.5

0.0

2.5

nn = 1021m−3 at t =10.8µs

Figure 5.9: Electron density ne and electric field Ey at the time of the onset of the insta-
bility for the cases at nn = 1020 m−3 (left) and nn = 1021 m−3 (right).

Instability onset. Even though the saturated regimes at nn = 1020 m−3 and nn = 1021 m−3

remain qualitatively the same, featuring large counter-streaming spokes, the onset of the
instability at the beginning of the simulation presents non-negligible differences between
the two cases. Figure 5.9 shows the instantaneous electron density and azimuthal electric
field for the cases at nn = 1020 m−3 and nn = 1021 m−3, along with the corresponding sim-
ulation time. In the first case, the destabilisation of the electron beam happens very soon
in the simulation, with a behaviour analogous to the one presented in Sec. 5.3.1 for the
diocotron instability, suggesting a scarcity of ions in the domain. At larger densities, the
charge imbalance is reduced by the larger ionisation rate and by the higher losses of elec-
trons to the lateral walls due to the increased electron mobility caused by electron-neutral
collisions. The result is a very different transient characterised by the absence of the
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Figure 5.10: Instantaneous distribution (at 200 µs) of ne, Sp, Ey and Te for the case
nn = 1020 m−3 and B =100 G.

large diocotron-like vortices and the appearance of a high-frequency instability localised
around the beam injection area. The short-wavelength instability progressively extends
towards the lateral walls while increasing in wavelength, until eventually the saturated
regime of Fig. 5.6 is reached.

Spoke Analysis. Here, a preliminary analysis of the spoke regime is presented. Fig-
ure 5.10 shows the instantaneous profiles of ne, Sp, Ey and Te at 200 µs for the case
B =100 G, nn = 1020 m−3. In these conditions, the discharge presents several spokes,
propagating azimuthally with opposite velocities in the two antisymmetric semi-domains.
At the centre of the shear layer, the formation of fast-dynamics turbulent structures can
be observed. The spokes are associated with sharp changes of the azimuthal electric field,
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as shown in the 2D map of Ey. The spokes move along the y direction with a velocity
close to the ion-sound velocity cs =

√︁
Te/mi. This seems to be in good agreement with

the 2D Fast-Fourier-Transform (FFT) (performed on the y spatial coordinate and time) of
the electric field Ey at z =1 cm which closely follows ω ≃ csky, as shown in Fig. 5.11.

To address whether the formation of the spokes can be associated with the Critical
Ionisation Velocity (CIV), often cited as a possible reason for the spoke formation E ×B
devices, such as homopolar discharges [139], the distribution of the ionisation source term
Sp is reported in Fig. 5.10. According to the CIV theory, if the relative motion of plasma
and neutrals exceeds the critical ionisation velocity obtained as vCIV =

√︁
2eEion/mi, with

Eion the ionisation energy, a rapid ionisation of the gas by turbulent heating of the electrons
is observed [140]. As shown in Fig. 5.10, the ionisation source term is predominantly lo-
calised in the central part of the discharge, in the injection region, and does not seem to
originate from the rotating structures. Moreover, as commented before, the spokes rotate
with a velocity close to cs ≈3100 ms−1, which is lower than the critical ionisation ve-
locity for argon vCIV ≈8720 ms−1. Finally, the distribution of the electron temperature
Te highlights how the hottest part of the discharge corresponds to the injection region,
suggesting that no relevant turbulent collisionless heating is taking place in the rotating
structures, as suggested by the CIV theory. For these reasons, it appears that the origin of
the spoke is of a different nature, and the critical ionisation velocity theory does not apply
here.
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5.4. Square domain

R

Figure 5.12: Geometry of the square cross-section Penning discharge. The electron beam
is injected at the centre of the domain (red circle).

Table 5.2: Relevant simulation parameters for the square Penning discharge case.

Parameter Value Parameter Value
Ly 6 cm Lz 6 cm
R 4 mm IeB 2 mA

TeB 10 eV nn 0 - 1021 m−3

Tn 0.06 eV B 50 G
Cells y 305 Cells z 305

In this section, a more standard setup is explored. The schematic reported in Fig. 5.12
shows the classic [109] representation of the cross section of a Penning discharge with
a square domain. In the high-pressure regime (i.e. sufficiently large neutral background
density), this configuration is usually used in PIC models to study the onset of rotating
instabilities, with particular emphasis on the long-wavelength m= 1 rotating spoke [109]–
[111], [114], [141]. However, high-frequency spiral structures have also been observed
by Lucken et al. [112]. In a recent work from Tyushev et al. [114], both modes have been
recovered for different magnetic field values, and the mode transition has been attributed
to a change in the development mechanism of the instability. The m = 1 rotating spoke
has often been associated with the onset of the drift-gradient instability known as modified
Simon-Hoh instability [115], which requires the condition ∇n ·E > 0 and thus a potential
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well at the centre of the domain. On the other hand, consistent with Lucken et al., the high-
frequency spiral structure seems to be linked with a drift-resistive instability, generally
occurring when the potential at the centre of the domain is positive (i.e. ∇n · E < 0).
The fluid local linear theory can generally explain both instability modes; however, to
understand the extent of kinetic effects in PIC simulations, it is interesting to reproduce
these rotating structures with a non-linear fluid model, especially in the saturated non-
linear regime. Moreover, as mentioned in the Introduction, extensive experiments have
been performed on Penning discharges in the low-pressure regime. In line with the plasma
layer section, the numerical analysis of the Penning discharge at low neutral density is first
presented in the following sections.

5.4.1. Low pressure regime

Here, the square geometry of the Penning discharge is analysed in the low-pressure
regime. For all the simulations described here, the parameters in Table 5.2 are used.
As for section 5.3.1, it is interesting to observe the behaviour of the discharge in the
pure electron plasma limit, where nn = 0 and only electrons are injected in an empty
domain. As expected, the magnetised electrons remain trapped at the centre of the do-
main until the circular column destabilises into a m = 4 structure (possibly induced by the
square geometry of the domain), from the vertices of which four clumps of density are
formed, making the plasma blob non-uniform. The non-uniformity in the density distri-
bution persists throughout the 800 µs simulation, contrary to the uniform vortex observed
in section 5.3.1, resulting in fast-rotating fluctuations. Nevertheless, neither a defined ro-
tating structure nor displacement of the column is observed, and the electrons reach the
quasi-stationary distribution reported in Fig. 5.13(top). Figure 5.13(b),(c) shows the time-
averaged profiles of ne and φ at z = 0 cm, featuring the expected deep potential well at
the centre of the domain.

However, when the neutral density is increased, a completely different behaviour is
observed. In line with what was observed in the plasma layer, the discharge becomes more
chaotic, and the plasma density does not remain confined at the centre of the domain.
Instead, a strong periodic destabilisation is observed, which pushes the blob of plasma
towards the lateral walls. While approaching the wall, the blob deforms into an ellipsoid,
and it starts rotating along the domain perimeter, following the lateral boundaries as the
circular structure of the vortex is restored. The vortex moves around the domain until it
returns to the injection region, and the process repeats. This time evolution is shown in
Fig. 5.14 for a background neutral density nn = 1018m−3. The periodic destabilisation is
reflected in the collected current at the walls (i.e. the sum of the currents on the 4 lateral
boundaries), which presents periodic bursts of current with a frequency f ≈ 65 kHz. In
this regime of the discharge, increasing the neutral density to nn = 1019m−3 does not alter
the qualitative behaviour of the destabilisation except for a more chaotic evolution of the
moving vortex and a higher frequency of the periodic bursts ( f ≈133 kHz). As mentioned
in the previous sections, drawing direct comparisons with experiments is challenging due
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Figure 5.13: (a) Instantaneous distribution of ne for the case nn = 0 and B =50 G. (b)(c)
Time-averaged profiles of electron density and potential, taken at z =0 cm.
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Figure 5.14: Time evolution of the electron density ne during a period of destabilisation
of the discharge for the case nn = 1018m−3 and B =50 G.
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to the model’s limited dimensionality. Nevertheless, for certain parameters, experiments
have shown [1] a pressure dependency of the oscillation frequency of Penning discharges
and other E ×B devices.

5.4.2. Long-wavelength m = 1 spoke
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Figure 5.15: Time evolution of the electron density ne for the rotating spoke at B =50 G
and nn = 1020 m−3.

Increasing the background neutral density to nn = 1020m−3 results in a mode transition
of the discharge, where the periodic destabilisation is lost and a continuous m = 1 rotating
spoke is observed. It is worth noting that the single-spoke configuration is complicated
to obtain, on the one hand, due to the necessity of a potential well and the consequent
generation of near-vacuum states, and on the other, due to the sensitivity of the discharge
to the simulation parameters. Here, the first full fluid simulation of a single rotating spoke
in the Penning discharge geometry is obtained. Figure 5.15 shows the time evolution of
the electron density in a complete rotation of the m = 1 spoke: compared to PIC sim-
ulations, the spoke appears to be less defined, always preceded by a large current loop
and followed by periodic separation of density blobs from the main structure. Never-
theless, even in PIC simulations, the spoke appearance seems to be strongly dependent
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on the discharge parameters, some featuring the same loop, which however breaks down
into smaller vortices. Moreover, the peak density of the spoke of Fig. 5.15 remains low
and close to the background electrons; several numerical tests have shown that at larger
densities, the spoke coherence is lost. It has been found that PIC simulation parameters
are not directly applicable to these fluid simulations, mostly due to the different electron
beam injection conditions (i.e. the lack of the perpendicular velocity and thus the kinetic
energy in that direction) and due to the larger numerical diffusion characteristic of fluid
simulations; in future works the off-plane velocity can be added, thus partially reducing
the discrepancies. Besides the aforementioned differences, the simulation can reproduce
a m = 1 spoke rotating at a frequency f =83.9 kHz. The spoke is characterised by the
presence of finer structures, mostly localised in the leading edge of the spoke, where the
density loop closes on itself. Figure 5.16 shows the time-averaged profiles of several
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Figure 5.16: Time averaged properties of the rotating spoke at B =50 G and
nn = 1020 m−3, taken at z = 0 of Fig. 5.15. Only the half-domain y ≥ 0 is shown.

quantities (evaluated at z = 0). As shown in plot (b), the potential is negative at the centre
of the domain, in agreement with PIC simulations in the literature in the presence of the
m = 1 spoke, as opposed to the case shown in Fig. 5.17. Even though looking at plots (a)
and (b), it can be observed that the condition for the MSHI is present, it is not trivial to
assess the origin of the rotating instability: the MSHI derivation is based on local linear
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theory, thus not strictly applicable to the profiles of Fig. 5.16 where the saturated regime
is shown; in general the presence of global or boundary effects cannot be excluded. More-
over, the coexistence of short and long-wavelength structures suggests a more complex
scenario, where collision-driven drift-resistive modes play a non-negligible role. Increas-
ing the neutral density to nn = 1021 m−3 results in a loss of the m = 1 mode in favour
of higher mode numbers, usually m = 2 and m = 3, although in a much less coherent
way: the rotating structure does not reach a stable operation in the 800 µs simulated, but
it rather switches between m = 2 and 3 with the sporadic occurrence of the single spoke.

5.4.3. Short-wavelength spiral structure

As previously commented, recent works have shown how the Penning discharge can be
subject to a mode transition from the long-wavelength m = 1 mode to the m > 1 short-
wavelength spiral structure [114]. With the geometry and the parameters reported in
section 5.4 (with reference to Fig. 5.12 and Table 5.2), the transition to the spiral spoke
regime has not been recovered in the present work. The reasons behind the lack of such
a transition are not clear, bearing in mind that the differences in the electron beam injec-
tion of this model with respect to 2D3V PIC codes (mentioned in the previous section)
can play a role. Nevertheless, in general, the spiral spoke regime can be easily obtained
with a 5-moment fluid model (or even an isothermal model [124]), showing qualitative
agreement with kinetic results [112]. Here, a variation of the configuration used so far is
presented, where the self-consistent ionisation has been removed, and the same amount
of ion and electron current Ie = Ii = I is injected at the centre of the domain following a
Gaussian distribution, with L =10 cm and B =200 G. This setup simulates the conditions
used by Lucken et al., which rely on RF power deposition to create a current-free plasma
source. Moreover, the simulation domain is initialised with a uniform background density
of electrons and ions, as the vacuum scheme is not necessary for this configuration. The
instantaneous distribution of plasma density (the discharge is quasi-neutral except for the
sheaths) is shown in Fig. 5.17, above the time-averaged profiles of plasma potential and
electron density. In analogy with both Lucken et al. and Tyushev et al., the spiral spoke is
obtained when the density and potential profile [plots (b) and (c)] follow the same decay
towards the wall, as opposed to the MSHI condition observed in the m = 1 configura-
tion [Fig. 5.16]. Similar results with a fluid model have been obtained by Mansour and
Hara [116], although in their case the rotating structures are not as those obtained either
by PIC codes [112], [114] or in this work, probably due to the lack of electron-neutral
collisions and the excessive diffusivity of the numerical scheme used. Figure 5.17 shows
the instantaneous electron density map and the averaged profiles of ne and φ ; it is inter-
esting to observe that both this case and the plasma layer of Fig. 5.10 present spokes with
m > 1 and the same averaged profiles of electron density and potential.
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Figure 5.17: (Top) Spiral spoke with Gaussian injection of electrons and ions, with Ie =

Ii =50 mA at 200 G. (Bottom) Plots (a) and (b) show the time-averaged profiles of electron
density and potential, taken at z = 0.
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5.5. Summary and Conclusions

A novel 2D full-fluid code to model E ×B discharges has been presented. The standard
5-moment two-fluid plasma model is introduced here with a new numerical approach to
overcome the difficulties associated with simulating E ×B plasmas. The vacuum scheme
is used to expand plasma in regions of very low density while maintaining the classic
Finite Volume Method scheme based on the use of approximate Riemann solvers. The
scheme relies on a threshold-based approach [88] to subdivide the computational domain
in filled cells, where the standard HLLC method is used, and vacuum or transition, at the
interface of which the exact Riemann solution of a vacuum-gas expansion is used. The
resulting scheme is capable of handling vacuum and near-vacuum states, including the
possibility of initialising the discharge in a perfectly empty domain, as is usually done
with PIC codes. The use of the vacuum sheath condition from Cagas et al. [62] for the
absorbing metallic walls allows for the immediate resolution of both electron-attracting
and electron-repelling sheaths.

The vacuum scheme has been used to simulate two different test cases, which can be
partially related to the geometry and characteristics of the Penning discharge. The first test
case, further from the classic geometry, consists of a thin electron beam injected between
two parallel metallic plates, thus resembling a hollow electron beam or a strip beam. The
background neutral density nn has been varied from 0 to 1021 m−3 at magnetic fields
between 50 and 100 G. The ions in the domain are solely produced by ionisation of the
background neutral gas. In this configuration, a strong shear layer forms in the magnetised
electrons, due to the opposite E ×B drift arising from the antisymmetry of the electric
field with respect to the beam injection. In the limit of nn = 0 the discharge is composed
of a pure electron plasma, a condition often found in the use of Penning discharges at
very low pressures. As predicted by the theory and experimental results, the electron
beam is subject to diocotron modes, which eventually break down the plasma beam in
electron vortices: the vortices interact with each other, merging into larger structures.
The formation of the vortex structure due to the diocotron instability is directly compared
with photographs of phosphor screens in similar devices; the dependency of the diocotron
mode number on the thickness-to-length ratio h/Ly is briefly commented.

At higher neutral densities, however, the ion production and elastic collisions are no
longer negligible, and the discharge undergoes a mode transition to coherent rotating
spokes. A similar transition has been observed in PIC simulations [108] of magnetron
discharges. Increasing the neutral density results in a non-monotonic variation of the
potential, which presents a maximum before decreasing again at large values of nn; nev-
ertheless, a local maximum of φ is always observed in the injection region in the pres-
ence of spokes, both at 50 and 100 G. An analysis conducted on the case at 100 G and
nn = 1020 m−3, showed that the spokes move with a velocity close to the ion acoustic
speed; this is confirmed by the 2D FFT of Ey which closely follows the ion acoustic
dispersion relation. As a result, the CIV theory does not seem to be a driver of the ro-
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tating spoke. A distinct onset of the instability has been observed between the cases
nn = 1020 m−3 and nn = 1021 m−3, even though similar rotating spokes are present in the
saturated regime; in the case of lower neutral density, the instability appears to originate
from a diocotron-like perturbation while in the latter case short-wavelength oscillations
form around the beam injection.

The square domain Penning discharge is analysed. In analogy with the plasma layer
case, the limit of pure electron plasma is analysed. In this condition, the discharge reaches
a quasi-steady state where a large electron blob is confined at the centre of the domain. At
its centre, fast fluctuations of density can be observed, although without developing into
any coherent structure. When nn is increased, the central blob periodically destabilises
outwards, originating a swirling vortex that rotates following the lateral walls. This be-
haviour is reflected in the current collected at the walls, which presents periodic bursts at
65 kHz; a further increase in the neutral density results in a larger frequency.

In analogy with the plasma layer, at nn ≃ 1020m−3 the discharge undergoes a mode
transition and a constant long-wavelength m= 1 rotating structure is recovered. The m= 1
rotating spoke in Penning discharges is particularly difficult to obtain with fluid models,
and to the authors’ knowledge, this is the first occurrence in the literature. The single
spoke, rotating at 83.9 kHz, presents some differences with respect to the PIC solutions
in the literature. In particular, the spoke is always led by a recirculation region, more evi-
dent than in PIC simulations, and it is followed by the periodic detachment of blobs. Such
differences may be due to the more diffusive nature of fluid algorithms, differences in the
beam injection or to the selection of discharge parameters. Short-wavelength structures
can be observed in the leading edge of the spoke. The time-averaged profiles of the dis-
charge show that in the central part of the discharge, the modified Simon-Hoh instability
criterion is met, although no origin mechanism is proposed.

Finally, although a continuous mode transition to the short-wavelength m > 1 mode
could not be obtained, a slight variation of the square Penning configuration is presented.
By assuming a current free injection with a Gaussian profile, the discharge recovers the
short-wavelength m> 1 spiral structure, highlighting the capabilities of the presented fluid
model to resolve relevant instabilities in E ×B plasmas in a large variety of regimes.
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Appendices

5.A. 1D gas-vacuum expansion

This appendix presents an illustrative test case of the vacuum scheme, as explained in
Section 5.2.3, and compares it to standard methods. Equation 5.16 reports the initial state
of a 1D gas-vacuum expansion Riemann problem [123], for which an adiabatic index of
5/3 is considered. The 2D code is here reduced to quasi-1D by imposing normalised
periodic boundaries on the y direction.

[n,uz,uy, p] =

⎧⎨⎩[1,0,0,2.5] , if z ≤ 0.3,

[0,0,0,0] , if z > 0.3.
(5.16)

As stated before, if such problem is integrated assuming a low density to mimic the vac-
uum state, a strong shock appears at the front of the expansion, as it can be observed
in Fig. 5.A.1(b) where the dashed line represents the solution obtained with a (relative)
background density of 10−4: at smaller background densities the magnitude of the shock
increases, eventually contributing to the failure of the simulation. On the other hand, the
vacuum scheme (solid line) smoothly transitions to the vacuum state. By comparing the
two solutions, it seems that the vacuum scheme slightly overestimates the vacuum front
velocity and thus the front position. Munz has already observed this defect in his sub-cell
front-tracking algorithm, and it can be attributed to the difficulty in numerically evaluat-
ing the vanishing pressure and density (and their quotient), thus overestimating the sound
velocity by taking the value on the interface immediately before the vacuum state. Never-
theless, for the applications presented here, the exact position of the vacuum front is not
of great importance since the scheme is used to preserve positive energy and density in
localised regions (usually close to the walls) in a regime far from free expansion.
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Figure 5.A.1: Numerical solution of the 1D free expansion problem. The plots represent
density, temperature and velocity for the classic scheme with a low background density
(dashed) and the vacuum algorithm (solid). The problem has been normalised to obtain
classic units for fluid dynamic test cases.
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CHAPTER 6

Towards Full-fluid Modelling of the Axial-azimuthal Hall
Thruster Discharge

This chapter reproduces the contents presented by the author at the 39th Interna-
tional Electric Propulsion Conference in London, manuscript 341, 14-20 September
2025. The typography has been adapted to the style of this thesis.

Abstract

Theoretical studies and axial-azimuthal kinetic simulations have demonstrated
the significant contribution of plasma instabilities to electron cross-field transport.
However, the intrinsic complexity of the Hall thruster discharge and the kinetic na-
ture of PIC simulations can make the interpretation of the results challenging. As
a result, it remains unclear how to model the anomalous transport, leading to the
absence of practical predictive models for the Hall effect discharge. Here, the prob-
lem is approached using a fluid formalism, which, albeit lacking kinetic effects, can
provide insightful results by dealing with more tangible macroscopic quantities. A
3-fluid, 2D2V model of the axial-azimuthal Hall thruster discharge is presented. The
discharge is self-consistently sustained without including any empirical anomalous
transport in the model. The discharge appears rich in instabilities, exhibiting the on-
set of short and long-wavelength azimuthal oscillations, coupled with axial ionisation
and ion transit time instabilities.
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6.1. Introduction

6.1. Introduction

Despite the increasing number of in-orbit Hall Effect Thrusters (HET), there is a well-
known fundamental lack of understanding of the main processes regarding the anomalous
electron transport. Today, it is widely accepted that the onset of plasma instabilities in
the azimuthal direction is the primary contributor to cross-field transport. As a result, the
community is devoted to the analysis of the instabilities developing in the plasma dis-
charge of HETs and other E×B devices [3], [19]. The contribution of plasma instabilities
to the anomalous transport has been theoretically analysed in the kinetic [142] and fluid
formulations [34], [143], [144], and confirmed by particle in cell (PIC) [21]–[23], [145],
[146], hybrid [147], [148] and non-linear fluid simulations [149]–[151]. The majority
of full axial-azimuthal Hall thruster simulations (i.e. not considering reduced models)
are performed using PIC models. These simulations have demonstrated the onset of a
short-wavelength azimuthal instability, known as the electron cyclotron drift instability
(ECDI), triggered by the large azimuthal drift of the electrons. The ECDI has been iden-
tified as a major contributor to the enhanced electron cross-field transport. Moreover, the
simulations have revealed a complex picture of the discharge, with the coexistence and in-
teraction of azimuthal and axial instabilities, such as the breathing mode (BM) and the ion
transit time (ITT) instability. However, within the context of the complex HET discharge,
the kinetic nature of PIC models and their ability to resolve a large number of physical
effects can make the interpretation of the results challenging. For these reasons, it remains
unclear how to properly model the anomalous transport, leading to the absence of practical
predictive models for Hall effect thrusters. On the other hand, fluid models deal directly
with more tangible macroscopic quantities at the cost of relying on stronger assumptions
than PIC, such as a quasi-Maxwellian velocity distribution functions (VDFs), finite Lar-
mor radius effects, and approximate closures of the set of equations. Nevertheless, fluid
models are known to capture many types of instabilities [24], [25] and have demonstrated
the capability to capture instability-induced cross-field transport [149], [150]. Cross-field
transport has been observed using hybrid models (i.e. assuming PIC heavy species and
fluid electrons) by Lam et al. [147] and Kawashima and Komurasaki [148]. However, the
quasi-neutral drift-diffusion approximation of the electron fluid assumed by these models
results in the lack of inertial and non-neutral effects, which can be important for the satu-
ration of instabilities [151]. Finally, Lam et al. [152] and Sadouni [151] have approached
the problem with full-fluid quasi-neutral models, although limited to very short simulation
times and suffering from the same modelling limitations of the hybrid approach (due to
quasi neutrality). Here, to the authors’ knowledge, the first full-fluid 2D axial-azimuthal
non-neutral simulation of the Hall thruster discharge accounting for electron inertia is
presented, along with a preliminary analysis of the results.
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Figure 6.1: (Left) Computational domain of the z− y plane of the Hall thruster. Points
A,E,N represent the anode, channel exit and cathode plane, respectively. (Right) Mag-
netic field profile, the vertical dashed line represents the channel exit E.

6.2. Model equations and code description

A full-fluid 2D-2V Cartesian model is used to simulate the axial-azimuthal plane of the
HET discharge. The model describes the time evolution of continuity, energy and mo-
mentum equations for the three fluid populations: electrons, ions and neutrals, denoted
by the subscripts e, i,n, respectively. A sketch of the computational domain, which ex-
tends from the anode A to the planar cathode N, is reported in Fig. 6.1(left). Only the
radial component (perpendicular to the computational domain) of the magnetic field B is
considered. The axial profile of the magnetic field is shown in Fig. 6.1(right), and it is
expressed as

B(z) = 1r Bm exp
[︂
−(z− zm)

2 /ℓ2
m

]︂
, ℓm =

⎧⎨⎩ℓm1 if z < zm,

ℓm2 if z ≥ zm,
(6.1)

where Bm is the maximum magnetic field, zm its location and ℓm1,2 the decay lengths.
The system of equations for the three species in conservation form is expressed as:

(Electrons)
∂ne

∂ t
+∇ · (neue) = Sp −Sw, (6.2)

∂neue

∂ t
+∇ · (neueue) =

ene

me
(∇φ −ue × B)− ∇pe

me
−neueνe, (6.3)

∂Ee

∂ t
+∇ · [(Ee + pe)ue] = e∇φ ·neue −SwEew −SpEinel, (6.4)

(Ions)
∂ni

∂ t
+∇ · (niui) = Sp −Sw, (6.5)

∂niui

∂ t
+∇ · (niuiui) =−∇pi

mi
− eni

mi
∇φ −uiSw +Spun, (6.6)
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∂Ei

∂ t
+∇ · [(Ei + pi)ui] =−e∇φ ·niui −SwEi +SpEn, (6.7)

(Neutrals)
∂nn

∂ t
+∇ · (nnun) =−Sp +Sw, (6.8)

∂nnun

∂ t
+∇ · (nnunun) =−∇pn

mn
−Spun, (6.9)

∂En

∂ t
+∇ · [(En + pn)un] =−SpEn, (6.10)

(Electrostatic Potential)
∇

2
φ =

e
ε
(ne −ni) , (6.11)

where Sp = nennRp(Te) is the production rate due to ionisation and Sw = neνw(Te) the
lateral wall losses expressed analytically as a function of the local electron tempera-
ture [26]. For all the species, the total energy equation is used, the isotropic scalar pressure
p j, j = e, i,n is considered, and the conductive heat flux is neglected q j = 0, j = e, i,n. In
general, the heat flux is known to be important for electrons in the Hall thruster source
and should be included. However, the classic Fourier-like closure employed in fluid mod-
els [30]

qe +
ωce

νe
(qe × B) =−5eneTe

2meνe
∇Te, (6.12)

is obtained from the steady-state, stationary (ue = 0) approximation of the complete heat
flux transport equation [74], which for the present model is not justified: large electron
fluid velocities are found due to the self-consistent anode sheath and the E ×B drift. As a
result, inclusion of Eq. (6.12) in the present model is unstable unless an implicit treatment
(in time) or a more suitable description of the heat flux (i.e the full transport equation)
is used, hence the choice of considering qe = 0 until a more appropriate model can be
derived.

The total electron collision frequency νe in the momentum equation is expressed as:

νe = νen +νei +νwm, (6.13)

thus accounting for electron-ion and electron-neutral collisions, as well as momentum
loss due to wall interactions. In the electron energy equation, Eew and Einel represent the
energy loss due to wall interaction and inelastic collisions, respectively. Ion recombi-
nation at the lateral walls has been included in the neutral continuity equation, although
assuming perfect accommodation and cold walls (i.e. not contributing to neutral momen-
tum and energy equations). A complete description of the collision frequency expression
is reported in appendix 6.A.

In this work, no additional anomalous or turbulent collisionality is considered. As cus-
tomary in axial-azimuthal HET simulations, artificially augmented vacuum permittivity
ε = f 2

d ε0 with f 2
d = 64 is used to ease the computational cost.
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6.2. Model equations and code description

6.2.1. Boundary conditions

This section describes the boundary conditions imposed for the three species and the Pois-
son equation. Boundary conditions are applied at the point A (anode) and N(neutraliser).

Anode The anode is characterised by the presence of an electron-repelling (in normal
conditions) sheath. The resolution of plasma sheaths in fluid models is known to be cum-
bersome due to the kinetic nature of the plasma-wall interaction [29], [90]. Among the
various approaches, the so-called "kinetic" conditions of Sahu et al. [39] have been used
due to their robustness. In such formulation, the drifted Maxwellian velocity distribution
function is integrated to recover the mass, momentum and energy fluxes:

Γ1α =−nα

c̄α

4
[︁
exp(−ũ2

zα)+
√

π ũzα

(︁
erf ũzα −1

)︁]︁
, (6.14)

Γ2α =−nαTα

mα

[︃
ũzα√

π
exp(−ũ2

zα)+

(︃
1
2
+ ũ2

zα

)︃(︁
erf ũzα −1

)︁]︃
, (6.15)

Γ3α = uyαΓ1α , (6.16)

Γ4α =−nα

c̄α

4
Tα

[︃(︁
ũ2

zα + ũ2
yα +2

)︁
exp(−ũ2

zα)+

(︃
ũ2

zα + ũ2
yα +

5
2

)︃ √
π ũzα

(︁
erf ũzα −1

)︁]︃
,

(6.17)
where uzα ,uyα are the axial and azimuthal velocities at the wall, ũzα = uzα(2Tα/mα)

−0.5

is the normalised velocity (the same holds for ũyα ), and c̄α = (8Tα/πmα)
0.5 the thermal

speed. The fluxes are computed for both charged species α = i,e. At each iteration of the
algorithm, the boundary fluxes are imposed directly in the finite volume scheme.

The boundary condition for the neutral fluid assumes supersonic injection, allowing
for the imposition of the mass flow rate, injection velocity and energy, taking into account
full ion recombination at the anode.

For the Poisson equation, a Dirichlet condition φA = 0 is imposed at the anode cell
interface.

Cathode At the cathode, ions and neutrals are supersonic, so that no external boundary
condition is imposed, and the numerical values are extrapolated from the domain.

The electron population cathode boundary condition is notoriously the most compli-
cated to impose, even for PIC codes [23], [146]. Here, the main difficulty lies in the fact
that the cathode boundary is close to the channel exit and in a region where the flow is
not fully developed but rather rich in instabilities. Moreover, the small mass of electrons
makes them very responsive to the Lorentz force, which in a "turbulent" region ends up
dominating the dynamics of electrons, complicating the imposition of boundary condi-
tions according to the hyperbolic (without external forces) Euler-like equations. In the
assumption of a planar cathode, the boundary for electrons is a subsonic inlet, thus al-
lowing to impose 3 conditions, where a flux ΓeN = (ΓiA −ΓeA)−ΓiN corresponding to
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the difference between the discharge and ion beam current, should be injected. However,
such a boundary condition results in unstable behaviour, which inevitably leads to the
failure of the simulation. Instead, the imposed condition approximates a quasi-neutral
cathode, often employed in PIC simulations, where the following values are imposed in
the ghost-cells at N: ⎡⎢⎢⎢⎣

ne

nuze

nuye

Ee

⎤⎥⎥⎥⎦
ghost

N

=

⎡⎢⎢⎢⎣
ni

0
0
Ec

⎤⎥⎥⎥⎦ , (6.18)

where Ec =
3
2nghost

e Tc is the assumed electron energy at the cathode. Even though this
boundary condition is ill-posed (it over-constraints the system by not respecting the char-
acteristics of the hyperbolic problem and imposes uze = 0), it results in a numerically
stable simulation. In the rest of this work, this boundary condition is used, fully acknowl-
edging the inconsistency it might generate. The development of a more suited boundary
condition will be addressed in future works.

As for the anode, a Dirichlet condition φN = −300V is imposed at the cathode inter-
face for the electric potential.

6.2.2. 2D FVM code

The system of hyperbolic equations is solved using a 2D Cartesian Finite Volume Method
(FVM). The spatial discretisation is performed with a 2nd order MUSCL scheme with
minmod slope limiter using primitive variable reconstruction. The numerical flux is com-
puted with the HLLC approximate Riemann solver [83] for the charged species, and with
the Rusanov solver for the neutral fluid. The electron and ion systems are treated sepa-
rately but coupled through the Poisson equation. To satisfy the stability criterion of the
Euler-Poisson system [89], [90], the equations cannot be trivially advanced in time ex-
plicitly, as the system is unconditionally unstable. To overcome this issue, a fractional
step method is used to advance separately the homogeneous and the source part of the
balance laws. In particular, the second-order accurate Simpler [92] splitting scheme is
used, computing the new potential between the convective and source term steps. The
temporal integration is performed with the 3rd order Strong-Stability-Preserving Runge-
Kutta (SPP-RK3) [93] and the Poisson equation is solved using a 5-point finite-difference
stencil with the direct solver MUMPS [95]. The algorithm uses an adaptive time-step,
meaning that in every iteration, the time-step is computed to satisfy the convective CFL
constraint dictated by the largest eigenvalue of the electron system

∆tc = CFL×min
(︃

∆z
maxΩ(ρz)

,
∆y

maxΩ(ρy)

)︃
, (6.19)

with Ω the computational domain, ∆z,∆y the mesh size and ρz,y = max{|λ1|, ..., |λn|} the
spectral radius of the flux Jacobian of the electron system in the two directions. Moreover,
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Table 6.1: Main operating (top) and numerical parameters (bottom) used in the simulation.

Parameter Value Parameter Value
ṁ 4.75 mgs−1 Vd 300 V
Tn 0.06 eV uzn 300 ms−1

ν̃w 0.17 Tc 5 eV
Bm 180 G zm 2.5 cm
ℓm1 1.30 cm ℓm2 1 cm
zE 2.5 cm Ac 40 cm2

Cell z 1107 Cell y 300
Lz 3.35 cm Ly 1 cm
εr 64 CFL 0.7

to ensure plasma stability, the time-step must resolve the upper-hybrid frequency ωuh =√︂
ω2

pe +ω2
ce, with ωpe and ωce the plasma and electron cyclotron frequency, respectively.

The time-step is thus computed according to:

∆t ≤ min
(︃

∆tc,0.2
2π

ωuh

)︃
, (6.20)

where the factor 0.2 has been introduced to ensure numerical stability; a value of CFL=0.7
is typically used. To further reduce the computational time, the code is parallelised using
domain decomposition with the MPI standard.

6.2.3. Simulation initialisation

Due to the discharge setup (i.e. the planar cathode) and the nature of the model, initial-
ising the simulation with uniform densities, as is usually done in PIC simulations, may
result in difficult transients that cause the model to fail. For this reason, 1D solutions
obtained by the model of Poli et al. [26] are used as an approximate initial guess. The 1D
profiles are used in the 2D simulation, considering an azimuthally uniform distribution.
Nevertheless, it is important to note that the 1D first guess is found to be quite far from the
axial-azimuthal solution with self-consistent cross-field transport, so strong oscillations or
deviations from such profiles are expected in the transient.

6.3. Simulation results

In this section, the results obtained by the simulation of the z− y plane of the HET dis-
charge are presented. The operating and the numerical parameters of the simulation are
reported in Tab. 6.1. In the following subsections, various aspects of the discharge are
analysed. The simulation has been run with 45 CPUs in a single node for a total compu-
tational time of 38 days (41k CPU hours) and ∼ 62 million timesteps.
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Figure 6.2: Time evolution of the discharge current Id .

6.3.1. Discharge overview

Here, a global overview of the discharge is presented. As stated before, the simulation
is initialised using steady-state 1D profiles, which include empirical anomalous transport
and can be far from the actual 2D solution. This discrepancy is reflected in the time evolu-
tion of the discharge current, reported in Fig. 6.2, characterised by a strong initial transient
where the discharge is almost extinguished. Large oscillations of the discharge current
are observed throughout the whole simulation, and can be identified with the onset of
the ionisation instability (i.e. breathing mode) at 20 kHz. As expected, the low-frequency
oscillations are accompanied by strong fluctuations of plasma density, although never vio-
lating the resolution of the Debye length. A high-frequency fluctuation ( f ≈ 200 kHz) can
be observed superimposed on the breathing mode, most noticeably on the decay phase of
the current fluctuation, commonly associated with the ion transit time instability. A more
detailed description of the longitudinal instabilities is provided in Section 6.3.5. Overall,
the discharge current profile shows an irregular time evolution of the plasma discharge,
suggesting that the simulated 300 µs might not be sufficient to reach the saturated regime
of the slow neutral dynamics.

6.3.2. Azimuthal instabilities

Figure 6.3 shows instantaneous snapshots of the electron density ne, electron tempera-
ture Te and azimuthal electric field Ey at t =133 µs. Although the plots represent the
instantaneous profiles of a highly dynamic process, several interesting observations can
be made. For instance, the electron density appears to be concentrated in a blob, as op-
posed to the rather azimuthally uniform (except for the short-wavelength instabilities)
distribution of similar PIC simulations. This is a direct consequence of modelling the
neutral fluid in the z− y plane, instead of assuming a one-dimensional flow, allowing
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Figure 6.3: Instantaneous distribution of ne, Te and Ey at t =133 µs.

for the formation of long-wavelength azimuthal instability (i.e. rotating spokes). Fig-
ure 6.4(top) shows the time evolution of the azimuthal fluctuations of neutral density
nn−⟨nn⟩y at z =1 cm, whereas the time evolution of the azimuthal average ⟨nn⟩y is shown
below. The fluctuations clearly show the onset of a long-wavelength azimuthal instability,
identified by coherent diagonal streaks, between t =130 µs and t =175 µs. The corre-
sponding dip in the average density ⟨nn⟩y [Fig. 6.4(bottom)] indicates that the instability
develops in correspondence with an axial breathing-mode peak, as it can be observed in
the discharge current plot for the same time window. The azimuthal velocity of the rotat-
ing structure can be obtained from the slope of the diagonal streaks, and it is found to be
vy =∆y/∆t ≈200 ms−1 in the +E×B direction, corresponding to a frequency f ≈20 kHz.
Although similar spoke velocities have been observed experimentally [153], [154], the
simulation azimuthal length is too short (compared to the spoke wavelength and the real
thruster circumference) to draw any reliable conclusion. Nevertheless, the presence of
the rotating spoke visibly affects the 2D distribution of all other discharge properties, as
can be observed in the electron temperature and azimuthal electric field maps in Fig. 6.3
(middle and bottom, respectively). This can partially explain the less coherent structures
of the azimuthal electric field when compared to PIC simulations. Moreover, it is impor-
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tant to keep in mind that the comb-like structure of Ey observed in kinetic simulations
is produced by the onset of the electron cyclotron drift instability. The 5-moment fluid
model can only capture the first electron resonance, as opposed to the kinetic description,
and only the fastest growing mode can be adequately described for sufficiently low Te, as
shown by Wang et al. [150]. For this reason, differences with respect to PIC simulations
are expected, especially in regions of high electron temperature. The loss of the short-
wavelength structures in the high temperature region is directly reflected in the distribu-
tion of the anomalous force, as shown in Section 6.3.4. Finally, a preliminary frequency
analysis, limited by the coarse time resolution (data is saved every 0.1 µs), has shown that
the short wavelength structures saturate at the ion acoustic wave, with ωpi =2.9 MHz, in
agreement with the results in the literature.
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Figure 6.4: (Top) Azimuthal fluctuations of the neutral density in time, sampled at
z =1 cm. (Bottom) Azimuthally averaged neutral density at the same axial coordinate.
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Figure 6.5: Azimuthally and time-averaged profiles of some relevant variables of the
discharge. Time averaging is performed over 150 µs (70 to 220 µs), capturing several
breathing mode cycles.

6.3.3. Axial structure of the discharge

The azimuthally and time-averaged profiles of some relevant discharge variables are re-
ported in Fig. 6.5. Overall, the 1D structure of the discharge behaves as expected for a
conventional Hall thruster, correctly capturing the main features. The plasma is mainly
quasi-neutral, as shown in plot (a), where the largest charge separation remains confined
in the normal sheath at the anode. As expected, the axial electron velocity [plot (f)] re-
mains negative in the whole domain, with a sharp increase (in magnitude) in the anode
sheath, whereas uzi [plot (c)] shows the characteristic ion back-flow region near the an-
ode and the supersonic acceleration towards the channel exit. The onset of the ion transit
time instability results in large fluctuations of the ion velocity at the cathode, hence the
relatively low average value. The azimuthal electron velocity uye, shown in plot (d), on
average remains quite low in the first part of the channel, followed by a sudden increase
to O(106ms−1). An excessive electron mobility in the near-anode region can explain this
behaviour, as it will be shown later with the momentum balances. As in the case of uzi,
the electron temperature [plot (e)] presents strong fluctuations with the axial instabilities,
with the maximum oscillating from 15 to 35 eV and displacing axially, hence the rather
low average maximum value and broad profile. Finally, the electric potential profile [plot
(b)] shows how, on average, the acceleration region is quite broad and slightly upstream
of the maximum magnetic field located at z =2.5 cm, as confirmed by the axial electric
field [dashed red line]. Once again, the ion transit time instability alters significantly the
electric field distribution, both in magnitude and shape, as it can be observed in Fig. 6.9.
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6.3.4. Electron Momentum Balances

Here, the electron momentum balance equation is analysed. After re-writing Eq. (6.3)
along the two components z and y, and taking the azimuthal and time averages, we have

0 =−⟨ ∂

∂ z

(︁
neu2

zeme
)︁
⟩y,t⏞̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

F̄ in,z

−⟨∂ pe

∂ z
⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞

F̄ pr,z

+⟨ene
∂φ

∂ z
⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

F̄el,z

+⟨neuyeeB⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
F̄mg,z

−⟨neuzeνeme⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
F̄co,z

, (6.21)

0 = −⟨ ∂

∂ z
(neuyeuzeme)⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

F̄ in,y

+⟨ene
∂φ

∂y
⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞

F̄el,y

−⟨neuzeeB⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄⏞
F̄mg,y

−⟨neuyeνeme⟩y,t⏞ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏟⏟ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ̄ ˉ⏞
F̄co,y

. (6.22)

These equations represent the axial balance of the forces in the z and y directions, re-
spectively, in the slow dynamics of the electron fluid. In particular, the term ⟨ene

∂φ

∂y ⟩y,t

is the electrostatic force in the azimuthal direction, and it is commonly identified as the
main contributor to the anomalous transport. When the high-frequency oscillations of
the density and of the azimuthal electric field are correlated, the anomalous force is non-
zero and enhances the electron transport [155]. Figure 6.6 shows the axial distribution of
all the terms of equations (6.21) and (6.22), and their sum (black dashed line) averaged
over 150 µs. It must be noted that the convection part of the inertia in equations (6.21)
and (6.22) is computed a posteriori using the cell-centred variables saved by the code, and
it inevitably differs from the HLLC numerical flux employed by the code at the cell inter-
face. Hence, some discrepancies are expected in the balance computation. As expected
for normal HET operation, the axial momentum balance is dominated by the magnetic,
electrostatic and pressure forces, whereas the inertial and collisional terms appear negli-
gible. As commented in section 6.3.1, the relatively low average azimuthal electron drift
and the low magnetic field at the anode result in a negligible magnetic force for z<1.5 cm.
Looking at the azimuthal momentum balance, the same region is characterised by a strong
correlation of ne and ∂φ

∂y balancing the magnetic force, indicating a strong contribution to
the cross mobility of electrons (the collisional term in this region is indeed negligible). On
the other hand, the anomalous electric force seems to vanish for z >1.5 cm, correspond-
ing to the sharp increase in the electron temperature. As a result, no anomalous force
is found in regions of higher magnetic field. This result appears in contradiction with
PIC simulations [22], where the maximum anomalous force is located close to the chan-
nel exit, and thus in the region of maximum magnetic field. PIC simulations [23] have
shown how the anomalous force is strongly influenced by the azimuthal dimension and
the scaling parameter of the vacuum permittivity f 2

d . In particular, a much smaller force
is observed for small computational domains (along y) and large scaling parameters, con-
sistent with a reduction of the ECDI growth rate [22]. Here, a small domain (Ly =1 cm)
and a scaling parameter εr = 64 are coupled with a crude approximation of the electron-
neutral collision frequency νen ∝

√
Te, resulting in the over-estimation of the collisional

term which balances the relatively low magnetic force. Moreover, as previously com-
mented, the 5-moment fluid model’s capability to capture the fastest-growing mode of
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Figure 6.6: Axial and azimuthal electron momentum balance. The forces are azimuthally
and time averaged over 150 µs (70 to 220 µs), capturing several breathing mode cycles.

the ECDI deteriorates at large electron temperatures [150], as found in this region of the
domain. Nevertheless, even though this could cause a reduction of the anomalous force
for z >1.5 cm, it does not explain the large contribution close to the anode. To address
these questions, a more detailed analysis is needed and will be performed in future works.

The anomalous force is strongly modulated by the axial ionisation instability, as
shown in Fig. 6.7(left), where the anomalous and collisional forces, represented by solid
and dashed lines, respectively, are shown at different moments of the breathing mode os-
cillation. Each one of the coloured lines corresponds to an averaging window of 5 µs, as
shown by the respective vertical bands overlayed on the discharge current (right). How-
ever, the force per particle (middle), obtained by normalising by the averaged density to
remove the fluctuation associated with the oscillations of the density in the breathing mode
period, appears fairly constant throughout the cycle. This suggests that the fluctuations of
the anomalous force are mainly due to the increase in plasma density and not a substantial
change in the origin of the force. It is worth noting that both the anomalous and collisional
forces are much higher with respect to Fig. 6.6, where the large time-averaging window
includes periods of very low density. Finally, it can be observed how the anomalous
force always dominates in the near-anode region, whereas the sharp decrease observed in
Fig. 6.6 persists in the high temperature region.
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Figure 6.7: (Left) Time variation of the anomalous (solid) and collisional (dashed) forces
in different moments of the breathing mode cycle. (Middle) Time variation of the forces
per particle. (Right) Discharge current and corresponding 5 µs averaging time windows
for computing those forces.

6.3.5. Axial instabilities

In agreement with experimental evidence and axial-azimuthal PIC simulations in the liter-
ature, the discharge is characterised by the onset of axial instabilities, as it can be observed
in the time evolution of the discharge current [Fig. 6.2]. The most prominent features in
the time evolution of Id can be associated with a strong ionisation instability, or breathing-
mode, which results in large fluctuations of neutral and plasma density. Figure 6.8 reports
the time evolution of the azimuthally averaged neutral density (top) and electron density
(bottom), where the characteristic breathing mode pattern can be observed. The irregu-
larity of the instability in both the discharge current and density evolution suggests that
the slow neutral dynamics has not reached the final (or saturated) regime in the simu-
lated time. High-frequency fluctuations at 200 kHz can be observed superimposed on
the ionisation instability. This fast axial perturbation has been observed in several PIC
and fluid simulations, and it is associated with the ITTI. The most prominent feature of
the ITTI consists in the production of a population of slow ions, leading to a double-
peaked velocity distribution function and a consequent increase in the ion temperature
and ion density [22], [23], [146]. The present 5-moment fluid model does not capture a
non-Maxwellian VDF, and the ITTI manifests itself as a shock-like structure in the ion
flow, decreasing uzi and increasing Ti and ni. Figure 6.9 shows the time evolution of
⟨uzi⟩y,⟨ni⟩y and ⟨Ez⟩y over a period of the ion transit time instability in the decreasing
part of the breathing mode peak at t =140 µs. Each of the variables is normalised with
its maximum value in space and time across the snapshots. The perturbation develops
in the acceleration region, resulting in the formation of a wave which undergoes wave-
steepening until a sharp discontinuity is observed at t =144 µs in all the variables. The
shock-like structure is then convected out of the domain in the following microseconds,
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Figure 6.8: Time evolution of the azimuthally averaged neutral density (top) and electron
density (bottom).

until the process starts again. The same qualitative behaviour has been observed in axial-
azimuthal PIC [22], [23], [146] and axial-radial hybrid [156] simulations, although the
perturbation does not appear as a shock-like structure, but rather as a softer decrease of
uzi. Analogous shock-like structures have been observed in 1D fluid models [157], and
numerical experiments with the model of Poli et al. [26], [29] (both quasi-neutral and non-
neutral) have recovered the same behaviour when the anomalous transport coefficient is
reduced (consistently with Fife [156], who observed the disappearance of ITTI for large
anomalous transport coefficients in axial-radial hybrid simulations). The last observation
seems to be in line with the findings of Charoy et al. [23], for which a stronger ITTI is as-
sociated with a lower anomalous force. Currently, the reason behind the formation of the
shock-like structure in fluid models compared to the smoother PIC solution remains un-
clear. However, it is worth mentioning that the methods and approximations used to solve
the fluid formalism rely on the solution of hyperbolic Euler-like equations, which admit
shocks by neglecting viscosity and heat conduction, the latter of which is intrinsically
resolved by the PIC formulation.
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⟨Ez⟩y during a period of ion transit time instability. The vertical dashed line represents the
channel exit ( and the maximum of the magnetic field).

6.4. Conclusion

A 2D2V fluid axial-azimuthal simulation of the Hall effect discharge has been presented.
The standard 5-moment fluid formulation has been applied to the electron, ion and neu-
tral populations to obtain a self-consistent description of the plasma discharge, without
the use of additional anomalous cross-field electron transport. The system of equations
is integrated with a MUSCL-based finite volume approach, using the HLLC flux for the
charged populations and the Rusanov flux for the neutrals; time integration is performed
with a third-order Runge-Kutta scheme and the Simpler splitting method. The equations
are solved in a Cartesian domain which extends from the anode to the cathode, represent-
ing a section of the circumference of a Hall thruster. Periodic boundary conditions are
imposed in the azimuthal directions, whereas a sheath condition is considered at the an-
ode for the charge species; the gas propellant is injected supersonically. A quasi-neutral
cathode boundary condition is assumed for the electrons, which, albeit overconstraining
the electron fluid, is in line with PIC simulations. Further analysis on the effects of such
boundary condition on the dynamics of the discharge is reserved for future work.

A total time of 300 µs has been simulated, depicting a complex picture of the dis-
charge. In the azimuthal direction, the onset of both short and long-wavelength insta-
bilities is observed. In particular, the first ones are responsible for the generation of
an anomalous azimuthal force, contributing to the (axial) cross-field transport of elec-
trons. The coupling with the low-frequency mode, which appears to be related to the
2D modelling of the Xenon gas (i.e. rotating spokes), and the limitation of fluid models
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in predicting the electron cyclotron drift instability, result in non-negligible differences
with respect to PIC simulations. For instance, the highly coherent comb-shaped structure
of the ECDI is not found, and the anomalous force is localised in the first 1.5 cm of the
channel. This is in contrast with PIC results in the literature, for which the maximum
anomalous force is located at the maximum of the radial magnetic field. A possible ex-
planation for this discrepancy can be found in the degraded capability of fluid models to
predict the fastest growing mode of ECDI at larger electron temperature, localised in this
area of the discharge. Other factors, such as the large scaling factor of ε0, coupled with a
short azimuthal domain and an excessive electron-neutral collision frequency, can inhibit
the formation of instabilities. The origin of these differences will be the focus of future
works.

Nevertheless, the discharge is capable of sustaining self-consistently, correctly cap-
turing the axial structure of the discharge, albeit with anomalously low prediction of the
average azimuthal velocity close to the anode. This effect can be related to the excessive
transport observed in this region, where the electrostatic force in the azimuthal momen-
tum balance is maximum.

The discharge is subject to strong axial instabilities, identified as the low-frequency
ionisation instability and the high-frequency ion transit time instability. The ionisation
instability appears as the dominant axial mode in the discharge, persisting throughout the
whole simulation. The fluctuations of the discharge current associated with the instability
appear very irregular, suggesting that the saturated regime of the neutral fluid has not been
reached in the simulated time. The onset of the ion transit time instability is observed su-
perimposed on the low-frequency oscillations, manifesting itself as a periodic shock-like
structure in the ion dynamics and affecting all the main variables of the discharge (e.g.
electric field, electron temperature, etc.). The appearance of the ITTI is consistent with
PIC simulations, where it generates a population of slow ions in the velocity distribution
function. At the present moment, it is not clear why, in fluid models (both 1D and 2D),
the formation of a shock-like structure is observed, and a deeper analysis will be carried
out in the future.

This preliminary work highlights the capabilities and limitations of axial-azimuthal
fluid models in reproducing a self-consistent simulation of the Hall effect thruster dis-
charge. This paves the way for deeper analysis and comparison with kinetic results to
better understand the nature of cross-field transport.
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Appendices

6.A. Collision Frequencies

This appendix briefly summarises the analytical formulation of the collisional processes
and wall interaction used in the model. The expressions are consistent with the ones re-
ported in Poli et al. [26] for the 1D model of the HET discharge. Some of the constants
hereby reported are specific to Xenon.

Plasma production is given by Sp = neνp, with the ionisation (or production) fre-
quency expressed as

νp = nnc̄eσion0

[︃
1+

TeEion

(Te +Eion)2

]︃
exp

(︃
−Eion

Te

)︃
, (6.23)

with Eion = 12.1eV the first ionization energy and σion0 =5× 1020 m−2. The effective
inelastic energy loss Einel accounts for both ionisation and excitation and is expressed as
a fit to the expression derived by Dugan et al. [122] proposed by Fife [58]:

Einel =

(︃
2+0.25exp

(︃
0.667

Eion

Te

)︃)︃
Eion. (6.24)

The elastic electron-neutral collision frequency is modelled as νen = nnc̄eσen with
σen =27×10−20 m−2, whereas the elastic electron-ion collision frequency is given by

νei = niRei,
Rei

10−12m3/s
= 2.9 ·

(︃
1eV
Te

)︃3/2

lnΛ,

lnΛ ≈ 9+
1
2

ln

[︄(︃
1018m−3

ne

)︃(︃
Te

1eV

)︃3
]︄
. (6.25)

Finally, the lateral wall interaction is modelled as Ahedo et al.[32]. The sheath potential
falls in a dielectric wall satisfies

∆φw =
Te

e
ln
(︃√︃

mi

2πme
(1−δs)

)︃
. (6.26)
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Here, δs is the effective SEE yield, modelled as

δs =

⎧⎨⎩
√︁

Te/T1, if Te < T1δ ⋆2
s ,

δ ⋆
s , if Te ≥ T1δ ⋆2

s ,
(6.27)

with T1 material-dependent and δ ⋆
s the emission yield corresponding to the space-charge

saturation limit:
δ
⋆
s = 1−3.32

√︁
2πme/mi, (6.28)

representing the classical Hobbs-Wesson result[52]. In this work T1 =36.77 eV. The
wall-loss term in the continuity equations is expressed as Sw = neνw, with

νw = ν̃w
√︁

Te/mi, (6.29)

and ν̃w a fitting parameter, constant inside the source and decreasing to zero downstream
the cathode. The wall-collisionality for electron momentum follows

νwm = νwδs/(1−δs), (6.30)

and the effective energy loss per electron is

Eew =

(︃
5.62+

1.65
1−δs

)︃
Te, (6.31)

for xenon.
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CHAPTER 7

Conclusions and future works

In this Chapter, the main results of the Thesis are summarised, and possible future works
are proposed.

7.1. Summary and main results

The Thesis provides a comprehensive application of fluid models to E ×B discharges,
with particular focus on Hall Effect thrusters. This has been made possible by the devel-
opment of two main tools, namely the 1D and 2D codes, and their application to specific
problems.

1D Modelling of Hall Effect Thruster discharges A 1D time-dependent quasi-neutral
drift-diffusion model of the HET discharge has been developed, extending the capabilities
of the previously developed stationary models in the group [28] by allowing for the res-
olution of the discharge dynamics. The model differs from other time-dependent models
available in the literature for the inclusion of the far-plume region, complete characterisa-
tion of heavy species dynamics and azimuthal electron inertia.

These additions have non-negligible effects on the stationary and dynamical behaviour
of the discharge, further confirming the importance of the correct resolution of neutral dy-
namics and the role of electron inertia. The latter one plays an important role in the near
anode region in conditions of reduced electron mobility, both in the stationary and dy-
namic regimes, confirming the findings of previous stationary models [47], [28]. More-
over, the analysis of the dynamic behaviour of the thruster discharge revealed the high
susceptibility of the breathing mode instability to the discharge parameters and the level
of modelled physics. In particular, a dramatic effect of the neutral dynamics, most often
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neglected, has been observed, as well as a strong dependency on plasma-wall interaction
processes.

This suggests the limitations of 1D modelling of HET, which, in the Author’s opinion,
cannot be used to isolate the onset mechanism of the breathing mode instability due to the
abundance of uncertainties and free parameters. On the other hand, 1D models are partic-
ularly indicated for fast parametric analysis and preliminary performance evaluations.

As a natural extension of the quasi-neutral model, a non-neutral 1D model of the HET
discharge with full-electron inertia has been developed (as part of the same code). Direct
comparison of the two models (quasi-neutral drift-diffusion and non-neutral) confirms the
applicability of quasi-neutrality and of the drift-diffusion approximation to the Hall Effect
discharge in the normal operating regime of the thruster.

On the other hand, in certain operating conditions, characterised by strongly reduced
electron mobility at the anode or low propellant mass-flow-rate, a transition of the anode
sheath from electron-repelling to electron-attracting has been observed. This is in line
with the experimental observations [57], [73], [16]. Finally, although no stable solution
with an electron-attracting sheath could be found, the model showed the existence of a
regime characterised by strong breathing mode oscillations resulting in a periodic transi-
tion of the sheath.

2D Modelling of E ×B discharges A 2D full-fluid model has been developed to anal-
yse more fundamental aspects of E ×B plasmas. The code solves the 3-fluid 5-moment
approximation of a plasma using a finite volume method parallelised on MPI. The in-
clusion of a vacuum-tracking algorithm allows for the resolution of near-vacuum states,
which can form in low-pressure E ×B discharges.

The vacuum-tracking capabilities enabled the simulation of Penning-like geometries
otherwise impossible to address with standard fluid methods. A wide range of regimes has
been explored, down to the limit of pure electron plasmas where the onset of diocotron
modes has been observed. The numerical simulations are in line with experimental ob-
servations of such a phenomenon. A distinct mode transition is observed by increasing
the background neutral density, which results in the formation of m > 1 rotating spokes,
in line with kinetic simulations of a similar device [108] and the abundant experimental
literature on the subject.

Moreover, the model has demonstrated the unprecedented capability of the fluid for-
malism to resolve the m = 1 long-wavelength rotating spoke characteristic of Penning
discharges, showing remarkable similarities with PIC simulations available in the litera-
ture.

This, within the intrinsic limitations of the 5-moment approximation, proves the ap-
plicability of fluid modelling to the simulation of E ×B plasmas and their instabilities,
bridging the gap with the kinetic approach.
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Following this line, the 2D code has been used to simulate, for the first time, a sec-
tion of the axial-azimuthal plane of the Hall Effect thruster discharge to self-consistently
resolve the anomalous cross-field transport. The discharge has been simulated for 300 µs,
being able to self-sustain without the inclusion of any empirical anomalous transport, and
exhibiting a rich variety of instabilities, both axial and azimuthal. The interaction of the
different modes highlights the complexity of the plasma dynamics in these devices.

The simulation has demonstrated the capability of the fluid model of capturing the
axial structure of the discharge and of resolving breathing mode, ion-transit time, rotating
spokes, and most importantly, a short-wavelength azimuthal instability responsible for
cross-field transport of electrons. The resulting anomalous force dominates the transport
of electrons in the near-anode region. Even though the location of this high-frequency in-
stability differs from similar kinetic simulations, these results represent the first step into
self-consistent full-fluid simulations of the problem.

Overall, the Thesis demonstrates the applicability of fluid modelling to E×B plasmas,
both for preliminary assessment and theoretical analysis of the discharge.

7.2. Future developments

Here, a collection of future developments of the subjects of this Thesis is proposed, fol-
lowing the same structure as the previous section.

1D Modelling of Hall Effect Thruster discharges The 1D model, both in its quasi-
neutral and non-neutral formulations, proved to be an extremely versatile tool. Recently,
the models have been improved by adding the possibility of using different propellants
and experimental cross-sections for the collisional rates. Nevertheless, there is room for
development to improve the current capabilities, expand them further and perform new
analyses. Some ideas consist of:

• Improving the model for the radial wall losses. The current model relies on an
empirically defined parameter ν̃w, which does not provide an accurate estimation
of the particle and energy losses. The problem is inherently bi-dimensional, and a
1D reduction can be difficult to obtain. A possibility is to use a kinetic-informed
formulation based on the results of the in-house developed hybrid axial-radial code
HYPHEN.

• Including a second neutral population to differentiate the slow injected neutrals and
the fast wall-born neutrals. This work has demonstrated the importance of neutral
dynamics in the stationary and oscillatory behaviour of the thruster. Nevertheless,
the difference in velocity between the injected and wall-born neutrals should result
in a double-peaked VDF that cannot be captured by the current model. A second
population would help analyse the effects of the neutral dynamics with more accu-
racy.

125



7.2. Future developments

• Analogously to the previous point, the extension of the model to multiple heavy
species populations would enable the inclusion of doubly-charged ions and account
for charge-exchange collisions (resulting in the formation of slow ions and fast
neutrals). In certain conditions, these effects are known to be important in the
performance assessment of HETs.

• Including a volumetric cathode and the near-plume in the non-neutral formulation.
This would result in a more realistic treatment of the cathode boundary condition,
in the limit of 1D modelling. This analysis would also be beneficial for the 2D
model in view of a more suitable downstream boundary condition.

• Improving the model for the power supply, including a more advanced cathode
model and an external circuit. This would allow for a more realistic description of
the oscillatory regime of the thruster.

2D Modelling of E ×B discharges This Thesis contributed to proving the applicability
of fluid models to study instabilities in E×B plasmas. However, the final goal of applying
both the fluid and kinetic formulation to characterise the anomalous cross-field transport
remains a topic for future studies. Moreover, before venturing in that direction, some
open points need to be addressed:

• Obtain a suitable closure for the electron heat flux vector qe. As explained through-
out the Thesis, the heat flux can have a strong impact on the behaviour of the plasma
discharge, and the standard Fourier-like closure is not applicable. While the most
obvious solution would be to solve for higher moments of the VDF, simulations
such as the HET discharge might become too complex and computationally expen-
sive. Hence, a trade-off between accuracy and complexity needs to be formulated.

• Obtain a more suitable cathode boundary condition for the HET simulation. As
stated in Chapter 6, the boundary condition is currently over-constraining the sys-
tem, due to the difficulties in obtaining a stable, well-posed formulation. On the
other hand, the inclusion of a volumetric cathode, as for the non-neutral 1D model,
results in an unstable operation. Hence, it is important to first assess the effects of
the current condition on the dynamics of the discharge, and then to understand the
origin of the boundary instability and extend the domain into the near-plume region.

• Improve the parallelisation and performance of the code. In view of more realis-
tic simulations of the HET discharge, the already large computational burden will
increase. This requires the use of HPC facilities, for which the code needs to be
properly adapted. As an alternative to CPU-based HPC, the code can be ported to
GPU parallelisation, although this would require a complete rewrite.
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