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Cryogenic fuel for transport
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SPH concept
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𝐫𝑖 , 𝜌𝑖 , 𝐮𝑖 , 𝑝𝑖 , 𝑇𝑖

𝑓 𝐫 ≈ ෍

𝑗∈Ω

𝑓𝑗
𝑚𝑗

𝜌𝑗
𝑊 𝐫− 𝐫𝑗 2

, ℎ ⇒ ∇𝑓 𝐫 ≈ ෍

𝑗∈Ω

𝑓𝑗
𝑚𝑗

𝜌𝑗
∇𝑊 𝐫 − 𝐫𝑗 2

, ℎ

𝒉 𝐮𝑖
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Governing equations

- Continuity equation:
𝐷𝜌

𝐷𝑡
= −𝜌∇ ⋅ 𝐮

⇒
𝑑𝜌𝑖
𝑑𝑡

=෍

𝑗

𝑚𝑗 𝐮𝑖 − 𝐮𝑗 ⋅ ∇𝑖𝑊𝑖𝑗 + 𝒟𝑖

- Momentum:
𝐷𝐮

𝐷𝑡
= −

∇𝑝

𝜌
+ 𝜈∇2𝐮 + 𝐚𝑏𝑢𝑜 + 𝐚𝑒𝑥𝑡

⇒
𝑑𝐮𝑖
𝑑𝑡

=෍

𝑗

−𝑚𝑗

𝑝𝑖 + 𝑝𝑗

𝜌𝑗𝜌𝑗
∇𝑖𝑊𝑖𝑗 +෍

𝑗

𝚷𝑖𝑗 + 𝐚𝑏𝑢𝑜,𝑖 + 𝐚𝑒𝑥𝑡

- Energy:

𝜌
𝐷𝑒

𝐷𝑡
= ∇ ⋅ 𝜅∇𝑇 − 𝑝 ∇ ⋅ 𝑢 + 𝜙

⇒ 𝑐𝑝
𝑑𝑇𝑖
𝑑𝑡

=෍

𝑗

2𝜅𝑚𝑗 𝑇𝑖 − 𝑇𝑗

𝜌𝑗 𝐫𝑖 − 𝐫𝑗 2

𝐫𝑖 − 𝐫𝑗 ⋅ ∇𝑖𝑊𝑖𝑗

14
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SPH evaporation modelling

▪ Large density jump at the interface: 𝜌𝑙 ≫ 𝜌𝑔

15

Unified EOS [4]

𝑝 = 𝑓(𝜌, 𝑇)

Topological manipulation [1,2,3]

[1] Li et al (2022)
[2] Wang et al (2022)

[3] Das and Das (2015)
[4] Ray et al (2017)
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Proposed approach
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ሶ𝑄𝑣,𝑠 𝑇sat = 𝑓(𝜌𝑣 , 𝑇𝑣)

ሶ𝑄𝑤,𝑣

ሶ𝑄𝑙𝑖,𝑠

𝑚𝑣 , 𝑇𝑣, 𝑉𝑣
ሶ𝑚evap

ሶ𝑄𝑣,𝑠 = 𝐴𝑠ℎ𝑐(𝑇𝑣 − 𝑇sat)

ሶ𝑄𝑙𝑖,𝑠 = 𝐴eff
𝜅

Δ𝑥
(𝑇𝑖 − 𝑇sat)

ሶ𝑚evap =
ሶ𝑄𝑣,𝑠 +σ𝑖∈𝛿Ω

ሶ𝑄𝑙𝑖,𝑠

ℒ𝑣
𝑑𝑚𝑖

𝑑𝑡
= −

ሶ𝑚𝑒𝑣𝑎𝑝

𝑛𝑝

𝑑𝑇𝑖
𝑑𝑡

ቚ
∈𝛿Ω

=
ሶ𝑄𝑙𝑖,𝑠

𝑚𝑖𝑐𝑝

𝑑𝑇𝑖
𝑑𝑡

ቚ
walls

= 0

Robin BC at the interface:

Interfacial heat exchanges:

Isothermal walls:

Energy balance:

Global particle mass reduction: 
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Implementation

▪ Cell-list neighbor search algorithm (2D/3D)

▪ Different wall treatment (DBC, GWBC, mDBC)

▪ Verlett Symplectic time integration scheme

▪ Implemented in Python -JAX: 

▪ GPU portability

▪ Automatic Differentiation capabilities

17
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Phase change validation

Nusselt film

▪ Initial thin film thickness 𝛿0
▪ Super-heated wall: 𝑇ℎ > 𝑇sat

▪ Laminar regime: Re =
𝑔𝑠𝑖𝑛 𝜃 𝛿0

3

3𝜈2
≪ 1

Without evaporation: steady state

▪ 𝑇 𝑦 = 𝑇ℎ −
𝑇ℎ−𝑇sat

𝛿0
𝑦

▪ 𝑢 𝑦 =
𝑔 sin 𝜃

𝜈
𝛿0𝑦 −

𝑦2

2

With evaporation: modified Stephan problem:

▪ 𝛿 𝑡 = 𝛿0 1 − 2 Ste Fo

18
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Phase change validation

▪ Without evaporation the steady state is recovered

19
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Phase change validation

▪ With evaporation, the evolution of film thickness is captured 

20
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Next steps

Experimental validation of the solver Exploration of Lagrangian ROM

𝐫 𝑡 = 𝚽𝑟𝐪𝑟 𝑡
ሷ𝐪𝐫 = 𝚽𝑟

𝑇𝐹(𝐪𝑟 , ሶ𝐪𝑟)



PhD Doctoral Meetings 2026 |PhD Program in Aerospace Engineering

Achievements

▪ Publication in International Journal of Heat and Mass Transfer

▪ Presentation at French interfacial processes group meeting

▪ Lecture on Times series forecasting at VKI Hand’s on ML series

▪ Supervision of 2 master thesis 

22
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Isothermal sloshing validation

24

Free-damping of tilted interface

▪ CoG oscillating at 1st natural frequency: 𝜔1 =
𝑔𝜋

𝐿
tanh(

𝜋𝐻

𝐿
)

▪ Δ𝐻=0.1, 𝐻=0.5, 𝐿=1 

𝛥𝑥

𝐿
[-] 𝒏𝒑 [-] MSE [%]

0.02 922 1.6
0.01 2818 0.3
0.005 9609 0.2
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Thermal validation

Buoyancy-driven channel flow

▪ Grashof: Gr =
𝑔𝛽Δ𝑇𝛿3

𝜈2
= 920

▪ Prandtl: Pr =
𝜈

𝛼
= 10

▪ Steady-state solution:

▪ Linear temperature profile

▪ Cubic velocity profile 𝑢 𝑦
𝛿

𝜈
= −

𝐺𝑟

12

𝑦

𝛿
− 3

𝑦

𝛿

2
+ 2

𝑦

𝛿

3

25
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Thermal validation

▪ The steady-state velocity is retrieved

26
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Noisy 

observation data

Kalman principle

Kalman
Filter𝐲𝑘

𝐬𝑘

෤𝐬𝑘

Optimal state 

estimate

Model state 

prediction

ሶ𝐬𝑘 = 𝑓(𝐬𝑘 , 𝑡𝑘)
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AEKF Nusselt inference

We have the observation vector 𝐲𝑘 = ത𝑇𝑙,𝑘 , ത𝑇𝑣,𝑘 , ത𝑇𝑤,𝑘 , 𝑝𝑘
𝑇

We define 
- an augmented state 𝐬 = ത𝑇𝑙 , ത𝑇𝑣 , 𝑇𝑤 𝑥 , 𝑝,𝑚𝑙 , ℎ𝑙𝑖 , ℎ𝑣𝑖ℎ𝑤𝑙 , ℎ𝑤𝑣

𝑇

- governed by a model such as ሶ𝐬 = 𝑓(𝐬)

Ahizi, S. A., Monteiro, F., Abarca, R., and M. A. Méndez, Real-time identification of parametric sloshing-induced heat and 
mass transfer in a horizontally oriented cylindrical tank, IHMT, 2026.
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Model governing equations

Conservation of fluid mass and energy:

•
𝑑

𝑑𝑡
𝑚𝑙𝑐𝑙𝑇𝑙 = 𝑄𝑤𝑙 − 𝑄𝑙𝑖 + 𝒽𝑙

sat ሶ𝑚𝑐

•
𝑑

𝑑𝑡
𝑚𝑣𝑐𝑣𝑇𝑣 = 𝑄𝑤𝑣 − 𝑄𝑣𝑖 +𝒽𝑣

sat ሶ𝑚𝑐

•
𝑑𝑚𝑙

𝑑𝑡
= −

𝑑𝑚𝑣

𝑑𝑡
= ሶ𝑚𝑐 = −

𝑄𝑣𝑖+𝑄𝑙𝑖

ℒ𝑣

Augmented closure
• 𝑄𝑥𝑦 = ℎ𝑥𝑦𝐴𝑥𝑦(𝑇𝑥 − 𝑇𝑦)

•
𝑑ℎ𝑥𝑦

𝑑𝑡
= 0

1D heat equation in the solid:
• Robin BC on the fluid side
• External heat flux on the outer face
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AEKF Nusselt inference

The EKF provides a state estimate and covariance
෤𝒔𝑘 = 𝒔𝑘 + 𝐊𝑘(𝐲𝑘 − 𝐆𝒔𝑘)

and
𝐏𝑘 = 𝐈 − 𝐊𝑘𝐆 𝐏𝑘

− 𝐈 − 𝐊𝑘𝐆
𝐓 + 𝐊𝑘𝐑𝐊𝑘

𝐓

with the Kalman gain and covariance matrix update such as:

𝐊𝑘 = 𝐏𝑘
−𝐆T 𝐆𝐏𝑘

−𝐆T + 𝐑
−1

and 𝐏𝑘
− = 𝐀𝑘𝐊𝑘𝐀𝑘

T + 𝐐𝑘

We use a non-constant process noise 𝐐𝑘 = 𝑑𝑖𝑎𝑔(𝑞𝑝ℎ𝑦, 𝑞ℎ𝑡𝑐)

𝑞ℎ𝑡𝑐 = ൝
𝒪 1 if 𝑝𝑘 − 𝑝𝑘−1 < 2.5𝜎𝑝

𝒪 106 if 𝑝𝑘 − 𝑝𝑘−1 > 2.5𝜎𝑝
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Implementation

• Crank-Nicholson time-stepping

• 100 initialization with random initial Nusselt

• Run in 5ms per step on AMD Ryzen 7
• Real-time capabilities
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AEKF inference results

Ahizi, S. A., Monteiro, F., Abarca, R., and M. A. Méndez, Real-time identification of parametric sloshing-induced heat and 
mass transfer in a horizontally oriented cylindrical tank, IHMT, 2026.
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AEKF results

The modelling framework allows for further analysis
1. Contribution to pressure drop (≈80% phase change)

2. Sensitivity analysis

Ahizi, S. A., Monteiro, F., Abarca, R., and M. A. Méndez, Real-time identification of parametric sloshing-induced heat and 
mass transfer in a horizontally oriented cylindrical tank, IHMT, 2026.
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