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Turbulence is 
Everywhere

Motivation

2

Milton Van Dyke Eyink G. (2024)

Mendez S. et al (2020)Andretti Autosport Grupo One Air

aeroengineering Ryoh Ishihara NASA

Airtecnics Doost. S. N. et all (2016)
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Motivation
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Navier-Stokes Eqs
Dynamic models

Flow Control

Turbulent flows Limitations

No analytical solution

Nonlinear dynamics

High-dimensionality

Technological limitations

Multi-scale problem
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Literature review

4

• Nonlinear system identification 

• White-box Navier-Stokes

• Grey-box

• Black-box  

Dynamic models

Navier-Stokes 
equations

White-box

Marten D. (2020)

Black-box

Machine learning

Grey-box

Reduced Order 
Models

&
Physics

For CFD 
people

Data-driven models
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Literature review
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• Simulations  

• Experimental measurements

• 3D

• 2D

David Marten 
(2020)

Interpretable models 
for flow control

→ 𝑂 106 − 109  𝐷𝑂𝐹

→ 𝑂 105 − 106  𝐷𝑂𝐹

Jet flow PIV measurements

→ 𝑂 104 − 105  𝐷𝑂𝐹

High-dimensionality

Complete description 
of the flow

Dimensionality reduction

Data-driven modelling of 
turbulent flows under active 

flow control
Reduced-order data-driven models
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Navier-Stokes Equations

YouTube: CG Reference

Navier-Stokes Equations
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Galerkin model 
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2. POD modes

𝒖 𝑟 𝒙, 𝑡 = ෍

𝑖=0

𝑟

𝑎𝑖 𝑡 𝝓𝑖(𝒙)

Truncation

1. PIV data

3. Galerkin projection

Navier Stokes equations
PDE

FOM representation

ቐ
𝛁 ⋅ 𝒖 = 𝟎

𝜕𝑡𝒖 + 𝛁 ⋅ 𝒖 𝒖 = −∇𝑝 +
1

𝑅𝑒
Δ𝒖

𝑑𝑎𝑖

𝑑𝑡
= 𝑓(𝑎𝑖)

𝑖 = 1,2, … , 𝑟

ROM representation
ODEsSimple reduced-order model

4. Reconstruction

Reconstruct 
dynamics

Decompose into modes
Full flow fields

High-dimensional 
𝑂(105) pointsTime super-sampling from 

non-time-resolved fields
Li-Hu Q. L., García-Caspueñas, P., Ianiro, A., & Discetti, S. (2025). Model-based time super-sampling of turbulent 

flow field sequences. Physical Review Fluids, 10(8), 084901. Open code and datasets
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Non-homogeneous problems
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Jet flow at Re = 3300 – Time-resolved PIV 

Velocity fieldsVorticity fieldsHigh-dimensionality problem

Local dynamical analysis
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Local dynamical analysis
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1. Divide 2. Conquer

Reduced-order modelling
=
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Local dynamical analysis
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2. Local dynamical analysis

+ + + … =

POD POD POD

Local 
modes

PS
D

Freq.

+

+

+

+

+

+

+ … =

+ … =

+ … =

1. Spatial clustering

“Spatial” Manifold

Similar kinematics
= close in the manifold

Li-Hu, Q. L., Maceda, G. Y. C., Ianiro, A., & Discetti, S. (2026). Divide and Conquer: Cluster and manifold-based 
interpretation of complex flows. arXiv preprint arXiv:2601.05117. UNDER REVIEW
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3rd year

11

Galerkin model time 
super-sampling

Published in Physical Review Fluids
Open code and datasets

Divide and conquer 
complex flows

Multi-scale problem
Local dynamical models
Under review

Research stay September to 
December 2026

Guy Y. Cornejo 
Maceda

Postdoctoral 
fellow UC3M

Estimation from 
sensors

Guide and steer flow predictions with 
sensor measurements

Prof. Dr. F. 
Scarano
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• Journal articles and code/datasets
✓ Li-Hu Q. L., García-Caspueñas, P., Ianiro, A., & Discetti, S. (2025). Model-based time super-sampling of turbulent 

flow field sequences. Physical Review Fluids, 10(8), 084901. Open code and datasets
✓ Li-Hu, Q. L., Maceda, G. Y. C., Ianiro, A., & Discetti, S. (2026). Divide and Conquer: Cluster and manifold-based 

interpretation of complex flows. arXiv preprint arXiv:2601.05117. Open code and datasets

• Conference contributions
✓ 21st International Symposium on Applications of Laser and Imaging Techniques to Fluid Mechanics, Jul 8 –

11, Lisbon, Portugal

✓ 2nd International Conference on Mathematical Modelling in Mechanics and Engineering (ICME), Sep 12 – 14, 

2024, Belgrade, Serbia

✓ APS Division of Fluid Dynamics Annual Meeting 2024, Nov 22 – 24, 2024, Salt Lake City, UT, USA

✓ 7th International Conference on Turbulence and Interactions, Mar 30 – Apr 4, 2025, La Palma, Spain

✓ 21st International Symposium on Flow Visualization (ISFV21), Jun 21 – 25, 2025, Tokyo, Japan

✓ 16th International Symposium on Particle Image Velocimetry (ISPIV 2025), Jun 25 – 28, 2025, Tokyo, Japan

Contributions

12
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• Courses/Workshops Attended
✓ Machine Learning for Fluid Mechanics: Analysis, Modeling, Control and Closures, Von Karman Institute and 

ULB Lecture Series, Jan 29 – Feb 2, 2024 , Brussels, Belgium
✓ Particle Image Velocimetry, Von Karman Institute Lecture Series, Dec 2 – 5, 2024, Brussels, Belgium
✓ Workshop on Machine Learning for Complex Flows – CYPHER, Feb 6 – 7, Madrid, Spain

• Dissemination Activites
✓ Li-Hu Q.L., Franceschelli L., Discetti S.,   Desvelando la fluidodinámica para una aviación más sostenible, La 

Noche Europea de los Investigadores e Investigadoras de Madrid 2023
✓ Li-Hu Q.L., Franceschelli L., Mata el ruido de los aviones diseñando tu propia ala, XXIII SEMANA DE LA CIENCIA 

Y DE LA INNOVACIÓN 2023
✓ Li-Hu Q.L., Franceschelli L., Cámaras neuromórficas, qué son y cómo usarlas en fluidodinámica, La Noche 

Europea de los Investigadores e Investigadoras de Madrid 2024
✓ Li-Hu Q.L., Franceschelli L., Descubriendo los secretos ocultos de los jets,  XXIV SEMANA DE LA CIENCIA Y DE 

LA INNOVACIÓN 2024
✓ Li-Hu Q.L., Tirelli I., Discetti S., ¡Aprende a volar con aviones de papel!,  XXIV SEMANA DE LA CIENCIA Y DE LA 

INNOVACIÓN 2024
✓ Li-Hu Q.L., Cuéllar A., El mundo invisible: explorando la ciencia con infrarrojos, XIV Feria Madrid es Ciencia 2025
✓ Li-Hu Q.L., Navarro-González M., Ruido visible: la ciencia de lo que no se ve, La Noche Europea de los 

Investigadores e Investigadoras de Madrid 2025
✓ Li-Hu Q.L., Navarro-González M., Turbulencia: el arte científico del desorden, XXV SEMANA DE LA CIENCIA Y DE 

LA INNOVACIÓN 2025

Contributions

13
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POD

15

• Dimensionality reduction

Full order 10𝑛𝑟 =

• Coherent structures

• Techniques based on piv

• Low dimensional attractors
100 1000

Temporal modesSpatial modes Singular values

Proper Orthogonal 

Decomposition (POD)

Medium
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POD with snapshot methods
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rearrange

snapshots

SVD

𝑡 ∈ [1, 𝑛𝑡]

𝒖 𝒙, 𝑡 = ෍

𝑖=0

𝑛𝑡

𝑎𝑖 𝑡 𝝓𝑖(𝒙)𝒖 𝑟 𝒙, 𝑡 = ෍

𝑖=0

𝑟

𝑎𝑖 𝑡 𝝓𝑖(𝒙)

𝑟: 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑒𝑡𝑎𝑖𝑛𝑒𝑑 𝑚𝑜𝑑𝑒𝑠
𝑟 < 𝑛𝑡

Temporal modesSpatial modes Singular values
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Dimensionality reduction

17

Linear methods Nonlinear methods
Proper Orthogonal

Decomposition (POD)
Isometric mapping (ISOMAP)

Tenenbaum et al.
(Science 2000)Lumley (1967)

Mode 1

Mode 2

ai

Marra et al. 2024b JFM
Farzamnik et al. 2023 JFM
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Particle Image Velocimetry (PIV)

18

Camera

FOV

Time
Velocity fields

• Technological barriers
• Maximum sampling 
• Pulsed light frequency

•Time super-sampling of PIV
• Taylor’s hypothesis 
• Vortex-in-cell 

Cross-correlation
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Galerkin projection for PIV fields

൞

𝛁 ⋅ 𝒖 = 𝟎 ⋅ 𝝓𝑖

𝜕𝑡𝒖 + 𝛁 ⋅ 𝒖 𝒖 = −∇𝑝 +
1

𝑅𝑒
Δ𝒖 ⋅ 𝝓𝑖

19

Projection on spatial modes

𝛁 ⋅ 𝝓𝑖 = 0

𝑑

𝑑𝑡
𝑎𝑖 ≔

1

𝑅𝑒
෍

𝑗=0

𝑟

𝑙𝑖𝑗𝑎𝑗 + ෍

𝑗=0

𝑟

෍

𝑘=0

𝑟

𝑞𝑖𝑗𝑘𝑎𝑗𝑎𝑘 + 𝒇𝒊
𝝅(𝒂)

𝑓𝑜𝑟 
𝑖 = 1,2, … , 𝑟

𝒖 𝑟 𝒙, 𝑡 = ෍

𝑖=0

𝑟

𝑎𝑖 𝑡 𝝓𝑖(𝒙)
Navier Stokes equations

PDE

FOM representation

ቐ
𝛁 ⋅ 𝒖 = 𝟎

𝜕𝑡𝒖 + 𝛁 ⋅ 𝒖 𝒖 = −∇𝑝 +
1

𝑅𝑒
Δ𝒖

𝑑𝑎𝑖

𝑑𝑡
= 𝑓(𝑎𝑖)

𝑖 = 1,2, … , 𝑟

ROM representation
ODEs
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Galerkin projection for PIV fields
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Projection on spatial modes

𝒖 𝑟 𝒙, 𝑡 = ෍

𝑖=0

𝑟

𝑎𝑖 𝑡 𝝓𝑖(𝒙)

PRESSURE TERM
𝒇𝒊

𝝅 ≔ 𝝓𝒊, −𝛁𝑝 Ω

CONVECTIVE TERM
𝑞𝑖𝑗𝑘 ≔ 𝝓𝒊, 𝛁 ⋅ 𝝓𝒋𝝓𝒌

Ω

VISCOUS TERM
𝑙𝑖𝑗 ≔ 𝝓𝒊, 𝚫𝝓𝑗 Ω

൞

𝛁 ⋅ 𝒖 = 𝟎 ⋅ 𝝓𝑖

𝜕𝑡𝒖 + 𝛁 ⋅ 𝒖 𝒖 = −∇𝑝 +
1

𝑅𝑒
Δ𝒖 ⋅ 𝝓𝑖

𝛁 ⋅ 𝝓𝑖 = 0

𝑑

𝑑𝑡
𝑎𝑖 ≔

1

𝑅𝑒
෍

𝑗=0

𝑁

𝑙𝑖𝑗𝑎𝑗 + ෍

𝑗=0

𝑁

෍

𝑘=0

𝑁

𝑞𝑖𝑗𝑘𝑎𝑗𝑎𝑘 + 𝒇𝒊
𝝅(𝒂)

𝑓𝑜𝑟 
𝑖 = 1,2, … , 𝑟
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Time marching integration for PIV supersampling
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𝑑𝑎𝑖

𝑑𝑡
= 𝑓(𝑎𝑖)

𝑖 = 1,2, … , 𝑟

ROM representation
ODEs

• Forward integration
• Backward Integration
• Weighted average
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Experimental jet flow

22

• Turbulent jet flow (water)

• 𝑅𝑒 ≈ 3300

• 𝑓𝑠 = 90𝐻𝑧
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Experimental jet flow

23
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Experimental jet flow

24
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Experimental jet flow

25
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The fluidic pinball

26

Fluidic pinball community:
• DRL control: Feng et al. 2023 PoF
• Model Predictive Control: Bieker et al. 

2020 TCFD, Marra et al. 2024a JFM
• Actuation manifold learning:

Marra et al 2024b JFM
• Experiments: U Calgary, LISN/CNRS 

(Paris), UC3M (Madrid)

The fluidic pinball encapsulates key features of real flows
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A multi-frequency flow

27

Freq.

𝑏top 𝑡 = cos(2𝜋3𝜙𝑓0𝑡)

𝑏bottom 𝑡 = cos(2𝜋3𝑓0𝑡)

Freq.

PS
D

3𝑓0

PS
D

3𝜙𝑓0

Freq.

PS
D

𝑓0
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Divide and conquer complex flows
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K-means++ K-means++𝑢 𝑣

K-means++𝜔

Vorticity

Which variable to cluster?

K-means++𝑢′ 𝑣′

Fluctuations

Velocity fields

ClusteringCluster by dynamics

“Spatial” Manifold

Similar dynamics
= close in the manifold
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Manifolds of manifolds – Divide…
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Vorticity

𝑋 =

Clustering

K-means++

Isometric Mapping
Tenenbaum et al. 2000

𝜔

“Spatial” Manifold … of  anifolds
+ + + … =

POD POD POD

M&Ms 
modes

PS
D

Freq.

+

+

+

+

+

+

+ … =

+ … =

+ … =



Results – Jet flow

30

POD
M&Ms

True

Sparse M&Ms with overlapping371 POD-modes for 95% of the energy

55 modes in average

Galerkin model

1 system of 371 equations
• 138012 terms each

10 systems of ~55 equations
• 3080 terms each
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